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1 定数

1.1 円周率

Definition 1.1.

π := 2

∫ 1

0

1√
1− x2

dx = 3.1415926535897932384626433832795 . . .

Theorem 1.2 (積分).

π =

∫ ∞

−∞

1

1 + x2
dx

√
π =

∫ ∞

−∞
e−x

2

dx

π =

∫ ∞

−∞

sinx

x
dx

π =

∫ ∞

−∞

1

coshx
dx

Theorem 1.3 (Machin-like formula).

π

4
= arctan 1

π

4
= arctan

1

2
+ arctan

1

3
π

4
= 2 arctan

1

2
− arctan

1

7
π

4
= 2 arctan

1

3
+ arctan

1

7
π

4
= 4 arctan

1

5
− arctan

1

239
π

4
= 5 arctan

1

7
+ 2 arctan

3

79
π

4
= 6 arctan

1

8
+ 2 arctan

1

57
+ arctan

1

239
π

4
= 12 arctan

1

49
+ 32 arctan

1

57
− 5 arctan

1

239
+ 12 arctan

1

110443
π

4
= 44 arctan

1

57
+ 7 arctan

1

239
− 12 arctan

1

682
+ 24 arctan

1

12943
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Theorem 1.4 (連分数).

π =
4

1 +
12

2 +
32

2 +
52

2 +
72

2 +
. . .

π =
4

1 +
12

3 +
22

5 +
32

7 +
42

9 +
. . .

π = 3 +
12

6 +
32

6 +
52

6 +
72

6 +
. . .
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Theorem 1.5 (BBP-type formulas).

π = 4
∑
0≤n

(−1)n

2n+ 1

π = 3
∑
0≤n

(−1)n
(

1

6n+ 1
+

1

6n+ 5

)

π = 4
∑
0≤n

(−1)n
(

1

10n+ 1
− 1

10n+ 3
+

1

10n+ 5
− 1

10n+ 7
+

1

10n+ 9

)

π =
∑
0≤n

(−1)n
(

3

14n+ 1
− 3

14n+ 3
+

3

14n+ 5
+

4

14n+ 7

+
4

14n+ 9
− 4

14n+ 11
+

4

14n+ 13

)
π =

∑
0≤n

(−1)n
(

2

18n+ 1
+

3

18n+ 3
+

2

18n+ 5
− 2

18n+ 7

− 2

18n+ 11
+

2

18n+ 13
+

3

18n+ 15
+

2

18n+ 17

)
π =

∑
0≤n

(−1)n
(

3

22n+ 1
− 3

22n+ 3
+

3

22n+ 5
− 3

22n+ 7
+

3

22n+ 9

+
8

22n+ 11
+

3

22n+ 13
− 3

22n+ 15
+

3

22n+ 17
− 3

22n+ 19
+

1

22n+ 21

)
π =

∑
0≤n

1

16n

(
4

8n+ 1
− 2

8n+ 4
− 1

8n+ 5
− 1

8n+ 6

)

π =
1

2

∑
0≤n

1

16n

(
8

8n+ 2
+

4

8n+ 3
+

4

8n+ 4
− 1

8n+ 7

)

π =
1

16

∑
0≤n

1

28n

(
26

16n+ 1
− 25

16n+ 4
− 24

16n+ 5
− 24

16n+ 6

+
22

16n+ 9
− 2

16n+ 12
− 1

16n+ 13
− 1

16n+ 14

)
π =

1

32

∑
0≤n

1

28n

(
27

16n+ 2
+

26

16n+ 3
+

26

16n+ 4
− 24

16n+ 7

+
23

16n+ 10
+

22

16n+ 11
+

22

16n+ 12
− 1

16n+ 15

)
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π =
1

32

∑
0≤n

1

212n

(
28

24n+ 2
+

3 · 26

24n+ 3
− 28

24n+ 4
− 3 · 25

24n+ 6
− 3 · 25

24n+ 8

+
24

24n+ 10
− 22

24n+ 12
− 3

24n+ 15
− 3 · 2

24n+ 16
− 2

24n+ 18
− 1

24n+ 20

)
π =

1

64

∑
0≤n

1

212n

(
28

24n+ 1
+

28

24n+ 2
− 3 · 27

24n+ 3
− 28

24n+ 4

− 26

24n+ 5
+

3 · 25

24n+ 8
+

26

24n+ 9
+

24

24n+ 10
+

23

24n+ 12
− 22

24n+ 13

+
3 · 2

24n+ 15
+

3 · 2
24n+ 16

+
1

24n+ 17
+

1

24n+ 18
− 1

24n+ 20
− 1

24n+ 21

)
π =

1

3 · 25
∑
0≤n

1

212n

(
28

24n+ 2
+

26

24n+ 3
+

27

24n+ 5
+

11 · 25

24n+ 6

+
26

24n+ 7
+

9 · 25

24n+ 8
+

27

24n+ 9
+

5 · 24

24n+ 10
+

5 · 22

24n+ 12
− 24

24n+ 14

− 1

24n+ 15
+

3 · 2
24n+ 16

− 2

24n+ 17
− 1

24n+ 19
+

1

24n+ 20
− 2

24n+ 21

)
π =

1

3 · 25
∑
0≤n

1

212n

(
28

24n+ 1
+

5 · 26

24n+ 3
+

28

24n+ 4
− 3 · 26

24n+ 5
− 7 · 25

24n+ 6

− 26

24n+ 7
− 3 · 26

24n+ 8
− 26

24n+ 9
− 26

24n+ 10
− 7 · 22

24 + 12
− 22

24n+ 13

− 5

24n+ 15
+

3

24n+ 17
+

1

24n+ 18
+

1

24n+ 19
+

1

24n+ 21
− 1

24n+ 22

)
π =

1

3 · 25
∑
0≤n

1

212n

(
29

24n+ 1
− 28

24n+ 2
+

26

24n+ 3
− 29

24n+ 4
− 25

24n+ 6
+

26

24n+ 7

+
3 · 25

24n+ 8
+

26

24n+ 9
+

3 · 24

24n+ 10
− 3 · 22

24n+ 12
− 23

24n+ 13
− 24

24n+ 14

− 1

24n+ 15
− 3 · 2

24n+ 16
− 2

24n+ 18
− 1

24n+ 19
− 1

24n+ 20
− 1

24n+ 21

)
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π =
1

212

∑
0≤n

1

216n

(
214

32n+ 1
− 213

32n+ 4
− 212

32n+ 5
− 212

32n+ 6

+
210

32n+ 9
− 29

32n+ 12
− 28

32n+ 13
− 28

32n+ 14
+

26

32n+ 17
− 25

32n+ 20

− 24

32n+ 21
− 24

32n+ 22
+

22

32n+ 25
− 2

32n+ 28
− 1

32n+ 29
− 1

32n+ 30

)
π =

1

212

∑
0≤n

1

216n

(
215

32n+ 2
+

214

32n+ 3
+

214

32n+ 4
− 212

32n+ 7

+
211

32n+ 10
+

210

32n+ 11
+

210

3n+ 12
− 28

32n+ 15
+

27

32n+ 18
+

26

32n+ 19

+
26

32n+ 20
− 24

32n+ 23
+

23

32n+ 26
+

22

32n+ 27
+

22

32n+ 28
− 1

32n+ 31

)
π =

1

26

∑
0≤n

(−1)n

210n

(
− 25

4n+ 1
− 1

4n+ 3
+

28

10n+ 1
− 26

10n+ 3

− 22

10n+ 5
− 22

10n+ 7
+

1

10n+ 9

)
π =

1√
2

∑
0≤n

(−1)n

8n

(
4

6n+ 1
+

1

6n+ 3
+

1

6n+ 5

)

π =
1

26
√
2

∑
0≤n

(−1)n

29n

(
28

18n+ 1
+

26

18n+ 3
+

26

18n+ 5
− 25

18n+ 7

− 23

18n+ 9
− 23

18n+ 11
+

22

18n+ 13
+

1

18n+ 15
+

1

18n+ 17

)
π = 2

√
2
∑
0≤n

(−1)n
(

1

4n+ 1
+

1

4n+ 3

)

π = 2
√
2
∑
0≤n

(−1)n
(

1

12n+ 1
+

1

12n+ 3
− 1

12n+ 5
− 1

12n+ 7

+
1

12n+ 9
+

1

12n+ 11

)
π =

1√
2

∑
0≤n

(−1)n
(

3

20n+ 1
+

3

20n+ 3
+

2

20n+ 5
− 3

20n+ 7

+
3

20n+ 9
+

3

20n+ 11
− 3

20n+ 13
+

2

20n+ 17
+

3

20n+ 19

)
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π =
1

8
√
2

∑
0≤n

1

26n

(
25

12n+ 1
+

23

12n+ 3
+

23

12n+ 5
− 22

12n+ 7

− 1

12n+ 9
− 1

12n+ 11

)
π =

1

4
√
3

∑
0≤n

1

64n

(
20

6n+ 1
+

6

6n+ 2
− 1

6n+ 3
− 3

6n+ 4
− 1

6n+ 5

)

π =
1

9
√
3

∑
0≤n

1

36n

(
34

12n+ 1
− 2 · 33

12n+ 2
− 32

12n+ 4
− 4 · 3

12n+ 6

− 3

12n+ 7
− 2

12n+ 8
− 1

12n+ 10

)
π =

1

36
√
3

∑
0≤n

1

36n

(
34

12n+ 1
+

33

12n+ 2
− 2 · 34

12n+ 3
− 32

12n+ 4
+

33

12n+ 5

+
8 · 3

12n+ 6
− 3

12n+ 7
+

7

12n+ 8
+

2 · 3
12n+ 9

+
3

12n+ 10
− 1

12n+ 11

)
π =

1

9
√
3

∑
0≤n

1

36n

(
34

12n+ 1
+

7 · 33

12n+ 2
+

5 · 32

12n+ 4
+

33

12n+ 5

+
8 · 3

12n+ 6
− 3

12n+ 7
+

1

12n+ 8
+

1

12n+ 10
− 1

12n+ 11

)
π = 50

∑
0≤n

1

ϕ5n

(
ϕ−2

(5n+ 1)2
− ϕ−1

(5n+ 2)2
− π−2

(5n+ 3)2
+

ϕ−5

(5n+ 4)2
+

2ϕ−5

(5n+ 5)2

)

π2 =
9

8

∑
0≤n

1

64n

(
16

(6n+ 1)2
− 24

(6n+ 2)2
− 8

(6n+ 3)2
− 6

(6n+ 4)2
+

1

(6n+ 5)2

)

π2 =
2

27

∑
0≤n

1

36n

(
35

(12n+ 1)2
− 5 · 34

(12n+ 2)2
− 34

(12n+ 4)2
− 33

(12n+ 5)2

− 8 · 32

(12n+ 6)2
− 32

(12n+ 7)2
− 32

(12n+ 8)2
− 5

(12n+ 10)2
+

1

(12n+ 11)2

)

10



Theorem 1.6 (Ramanujan-Sato series).

1

π
=
∑
0≤n

(2n)!3

n!6
6n+ 1

28n+2

1

π
=
∑
0≤n

(2n)!3

n!6
42n+ 5

212n+4

1

π
=
∑
0≤n

(2n)!3

n!6
5
√
5− 1 + (30 + 42

√
5)n

220n+5
(
√
5− 1)8n

1

π
=
∑
0≤n

(2n)!(3n)!

n!3
15n+ 2

2n−236n+3

1

π
=

2√
3

∑
0≤n

(2n)!(3n)!

n!5
33n+ 4

153n+1

1

π
=

2
√
2

992

∑
0≤n

(4n)!

n!4
1103 + 26390n

3964n

1

π
= 12

∑
0≤n

(−1)n(6n)!

(3n)!n!3
13591409 + 545140134n

(640320)3n+3/2

1.2 Napier数

Definition 1.7.

e := lim
n→∞

(
1 +

1

n

)n
= 2.718281828459045235360287471352 . . .
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Theorem 1.8.

e =
∑
0≤n

1

n!

e =
1

2

∑
0<n

n

(n− 1)!

e = 2
∑
0<n

n

(2n− 1)!

e =
∑
0≤n

(3n)2 + 1

(3n)!

e =
1

2

∑
0<n

n2

n!

e =
1

5

∑
0<n

n3

n!

Theorem 1.9 (連分数).

e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, . . . ]

12



e = 2 +
1

1 +
1

2 +
1

1 +
1

1 +
1

4 +
.. .

e = 2 +
1

1 +
1

2 +
2

3 +
3

4 +
4

5 +
.. .

e = 2 +
2

2 +
3

3 +
4

4 +
5

5 +
6

6 +
.. .

e = 1 +
2

1 +
1

6 +
1

10 +
1

14 +
1

18 +
.. .

Theorem 1.10 (Pippenger type product).

1.3 Eulerの定数

Definition 1.11.

γ := lim
n→∞

(
n∑
k=1

1

k
− lnn

)
= 0.57721566490153286060651209 . . .
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2 初等超越関数

2.1 指数関数

Definition 2.1.

ex :=
∑
0≤n

xn

n!

Theorem 2.2 (特殊値).

e2πi = 1

eπi = −1

eπi/2 = i

eπi/3 =
1

2
+ i

√
3

2

e2πi/3 = −1

2
+ i

√
3

2

eix = cosx+ i sinx

Theorem 2.3.
ex+y = ex · ey

Theorem 2.4.

ex = lim
n→∞

(
1 +

x

n

)n

2.2 双曲線関数

Definition 2.5.

sinhx =
ex − e−x

2

coshx =
ex + e−x

2

tanhx =
sinhx

coshx

cothx =
coshx

sinhx

14



Theorem 2.6.

coshx+ sinhx = ex

coshx− sinhx = e−x

cosh2 x− sinh2 x = 1

Theorem 2.7.

sinh ix = i sinx

cosh ix = cosx

tanh ix = i tanx

Theorem 2.8 (微分).

d

dx
sinhx = coshx

d

dx
coshx = sinhx

d

dx
tanhx =

1

cosh2 x
d

dx
cothx = − 1

sinh2 x

Theorem 2.9 (級数表示).

sinhx =
∑
0≤n

1

(2n+ 1)!
x2n+1

coshx =
∑
0≤n

1

(2n)!
x2n

tanhx =
∑
0<n

22n(22n − 1)B2n

(2n)!
x2n−1

cothx =
∑
0≤n

22nB2n

(2n)!
x2n−1

1

sinhx
= 2

∑
0≤n

(1− 22n−1)B2n

(2n)!
x2n−1

1

coshx
=
∑
0≤n

E2n

(2n)!
x2n

15



Theorem 2.10 (無限乗積展開).

sinhπx = πx
∏
0<n

(
1 +

x2

n2

)

coshπx =
∏
0≤n

(
1 +

x2(
n+ 1

2

)2
)

Theorem 2.11 (部分分数展開).

π cothπx = x
∞∑

n=−∞

1

n2 + x2

π tanhπx = x
∞∑

n=−∞

1(
n+ 1

2

)2
+ x2

π

sinhπx
= x

∞∑
n=−∞

(−1)n

n2 + x2

π

coshπx
=

∞∑
n=−∞

(−1)n
(
n+ 1

2

)(
n+ 1

2

)2
+ x2

Theorem 2.12 (加法定理).

sinh(x+ y) = sinhx cosh y + coshx sinh y

cosh(x+ y) = coshx cosh y + sinhx+ sinh y

tanh(x+ y) =
tanhx+ tanh y

1 + tanhx tanh y

Theorem 2.13 (倍角公式).

sinh 2x = 2 sinhx coshx

cosh 2x = 2 cosh2 x− 1

tanh 2x =
2 tanhx

1 + tanh2 x

16



2.3 三角関数

Definition 2.14.

sinx :=
eix − e−ix

2i

cosx :=
eix + e−ix

2

tanx :=
sinx

cosx

cotx :=
cosx

sinx

Theorem 2.15 (sinxの特殊値).

sin 0 = 0

sin
π

12
=

√
6−

√
2

4

sin
π

10
=

√
5− 1

4

sin
π

8
=

√
2−

√
2

2

sin
π

6
=

1

2

sin
π

5
=

√
10− 2

√
5

4

sin
π

4
=

1√
2

sin
3π

10
=

1 +
√
5

4

sin
π

3
=

√
3

2

sin
3π

8
=

2 +
√
2

2

sin
2π

5
=

√
10 + 2

√
5

4

sin
5π

12
=

√
6 +

√
2

2

sin
π

2
= 1

17



Theorem 2.16 (tanxの特殊値).

tan 0 = 0

tan
π

12
= 2−

√
3

tan
π

10
=

√
1− 2√

5

tan
π

8
=

√
2− 1

tan
π

6
=

1√
3

tan
π

5
=

√
5− 2

√
5

tan
π

4
= 1

tan
3π

10
=

√
1 +

2√
5

tan
π

3
=

√
3

tan
3π

8
=

√
2 + 1

tan
2π

5
=

√
5 + 2

√
5

tan
5π

12
= 2 +

√
3

tan
π

2
= ∞

Theorem 2.17.
cos2 x+ sin2 x = 1

Theorem 2.18 (微分).

d

dx
sinx = cosx

d

dx
cosx = − sinx

d

dx
tanx =

1

cos2 x
d

dx
cotx = − 1

sin2 x

18



Theorem 2.19. ∫
sinx dx = − cosx+ C∫
cosx dx = sinx+ C∫
tanx dx = − ln | cosx|+ C∫
cotx dx = ln | sinx|+ C∫
1

sinx
dx =

1

2
ln

(
1− cosx

1 + cosx

)
+ C∫

1

cosx
dx =

1

2
ln

(
1 + sinx

1− sinx

)
+ C

Theorem 2.20 (級数表示).

sinx =
∑
0≤n

(−1)n

(2n+ 1)!
x2n+1

cosx =
∑
0≤n

(−1)n

(2n)!
x2n

tanx =
∑
0<n

(−1)n−122n(22n − 1)B2n

(2n)!
x2n−1

cotx =
∑
0≤n

(−1)n22nB2n

(2n)!
x2n−1

1

sinx
= 2

∑
0≤n

(−1)n−1(22n−1 − 1)B2n

(2n)!
x2n−1

1

cosx
=
∑
0≤n

(−1)nE2n

(2n)!
x2n

Theorem 2.21 (無限乗積展開).

sinπx = πx
∏
0<n

(
1− x2

n2

)

cosπx =
∏
0≤n

(
1− x2(

n+ 1
2

)2
)

19



Theorem 2.22 (部分分数展開).

π cotπx = x
∞∑

n=−∞

1

x2 − n2

π tanπx = x
∞∑

n=−∞

1(
n+ 1

2

)2 − x2

π

sinπx
= x

∞∑
n=−∞

(−1)n

x2 − n2

π

cosπx
=

∞∑
n=−∞

(−1)n
(
n+ 1

2

)(
n+ 1

2

)2 − x2

Theorem 2.23 (加法定理).

sin(x+ y) = sinx cos y + cosx sin y

cos(x+ y) = cosx cos y − sinx sin y

tan(x+ y) =
tanx+ tan y

1− tanx tan y

tan
x+ y

2
=

sinx+ sin y

cosx+ cos y

Theorem 2.24 (倍角公式).

sin 2x = 2 sinx cosx

cos 2x = 2 cos2 x− 1

tan 2x =
2 tanx

1− tan2 x

sin 3x = 3 sinx− 4 sin3 x

cos 3x = 4 cos3 x− 3 cosx

sinnx =
n∑
k=0

(
n

k

)
sink x cosn−k x sin

πk

2

cosnx =
n∑
k=0

(
n

k

)
sink x cosn−k x cos

πk

2

tannx =

∑n
k=0

(
n
k

)
tank x sin πk

2∑n
k=0

(
n
k

)
tank x cos πk2

20



Theorem 2.25 (和積公式).

sinx+ sin y = 2 sin
x+ y

2
cos

x− y

2

sinx− sin y = 2 cos
x+ y

2
sin

x− y

2

cosx+ cos y = 2 cos
x+ y

2
cos

x− y

2

cosx− cos y = −2 sin
x+ y

2
sin

x− y

2

Theorem 2.26 (積和公式).

sinx sin y = −1

2
(cos(x+ y)− cos(x− y))

sinx cos y =
1

2
(sin(x+ y) + sin(x− y))

cosx cos y =
1

2
(cos(x+ y) + cos(x− y))

Theorem 2.27 (乗法定理).

2n−1
n−1∏
k=0

sin

(
x+

πk

n

)
= sinnx

2.4 対数関数

Definition 2.28.

lnx :=

∫ x

0

1

t
dt

Theorem 2.29 (特殊値).

ln 1 = 0

ln e = 1

Theorem 2.30 (微分).

d

dx
lnx =

1

x

Theorem 2.31.
lnxy = lnx+ ln y

Theorem 2.32 (Taylor級数).

ln(1 + x) =
∑
0<n

(−1)n−1

n
xn
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2.5 逆双曲線関数

Definition 2.33.

arsinhx :=

∫ x

0

1√
1 + t2

dt

arcoshx :=

∫ x

1

1√
t2 − 1

dt

artanhx :=

∫ x

0

1

1− t2
dt

Theorem 2.34 (微分).

d

dx
arsinhx =

1√
1 + x2

d

dx
arcoshx =

1√
x2 − 1

d

dx
artanhx =

1

1− x2

Theorem 2.35.

arsinhx = ln(x+
√

1 + x2)

arcoshx = ln(x+
√
x2 − 1)

artanhx =
1

2
ln

1 + x

1− x

Theorem 2.36 (級数表示).

arsinhx =
∑
0≤n

(
2n

n

)
(−1)nx2n+1

22n(2n+ 1)

artanhx =
∑
0≤n

x2n+1

2n+ 1

arsinh2 x =
1

2

∑
0<n

(−2x)2n

n2
(
2n
n

)
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2.6 逆三角関数

Definition 2.37.

arcsinx :=

∫ x

0

1√
1− t2

dt

arccosx :=

∫ 1

x

1√
1− t2

dt

arctanx :=

∫ x

0

1

1 + t2
dt

Theorem 2.38 (微分).

d

dx
arcsinx =

1√
1− x2

d

dx
arccosx = − 1√

1− x2

d

dx
arctanx =

1

1 + x2

Theorem 2.39.

arcsinx = −i ln(ix+
√
1− x2)

arccosx = −i ln(x+ i
√
1− x2)

arctanx =
i

2
ln

1− iz

1 + iz

Theorem 2.40 (級数表示).

arcsinx =
∑
0≤n

(
2n

n

)
x2n+1

22n(2n+ 1)

arctanx =
∑
0≤n

(−1)nx2n+1

2n+ 1

arcsin2 x =
1

2

∑
0<n

(2x)2n

n2
(
2n
n

)
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Theorem 2.41.

sin(a arcsinx) = a
∑
0≤n

x2n+1

(2n+ 1)!

n−1∏
k=0

((2k + 1)2 − a2)

cos(a arcsinx) =
∑
0≤n

x2n

(2n)!

n−1∏
k=0

((2k)2 − a2)

3 ガンマ関数系

3.1 ガンマ関数

Definition 3.1.

Γ(x) :=

∫ ∞

0

tx−1e−t dt, (Rx > 0)

一般の複素数に対しては,

Γ(x) := lim
n→∞

nxn!∏n
k=0(x+ k)

と定義する.
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Theorem 3.2 (特殊値).

Γ

(
−3

2

)
=

4
√
π

3

Γ

(
−1

2

)
= −2

√
π

Γ

(
1

2

)
=

√
π

Γ

(
3

2

)
=

√
π

2

Γ

(
5

2

)
=

3
√
π

4

Γ

(
7

2

)
=

15
√
π

8

Γ

(
1

2
+ n

)
=

(2n− 1)!!

2n
√
π

Γ

(
1

3

)
Γ

(
2

3

)
=

2π√
3

Γ

(
1

4

)
Γ

(
3

4

)
=

√
2π

Theorem 3.3 (Taylor級数).

ln Γ(1 + x) = −γx+
∑
1<n

ζ(n)

n
(−x)n

Theorem 3.4 (Fourier級数).

ln Γ(x) =

(
1

2
− x

)
(ln 2π + γ) +

1

2
ln

π

sinπx
+

1

π

∑
0<n

lnn · sin 2πnx
n

Theorem 3.5 (Weierstrassの乗積表示).

1

Γ(x)
= xeγx

∏
0<n

(
1 +

x

n

)
e−x/n

Theorem 3.6 (x = ∞における漸近展開).

ln Γ(x) ∼ 1

2
ln 2π +

(
x− 1

2

)
lnx− x+

∑
0<n

B2n

2n(2n− 1)x2n−1

Theorem 3.7 (相反公式).

Γ(x)Γ(1− x) =
π

sinπx
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Theorem 3.8 (Legendreの倍角公式).

Γ(x)Γ

(
x+

1

2

)
= 21−2x

√
πΓ(2x)

Theorem 3.9 (乗法定理).

n−1∏
k=0

Γ

(
x+

k

n

)
= (2π)(n−1)/2n1/2−nxΓ(nx)

Theorem 3.10 (Stirlingの公式).

lim
x→∞

Γ(x)√
2πxx−1/2e−x

= 1

Theorem 3.11.
n∑
k=1

ak =
n∑
k=1

bk

ならば,

lim
x→∞

Γ(x+ ak)

Γ(x+ bk)
= 1

Theorem 3.12 (Binet’s log gamma formulas).

ln Γ(x) =
1

2
+ ln 2π +

(
x− 1

2

)
lnx− x+

∫ ∞

0

(
1

2
− 1

t
+

1

et − 1

)
e−xt

t
dt

ln Γ(x) =
1

2
+ ln 2π +

(
x− 1

2

)
lnx− x+

∫ ∞

0

arctan t
x

e2πt − 1
dt

Theorem 3.13 (Raabe積分).∫ x

0

ln Γ(t) dt =
x

2
ln 2π +

x(1− x)

2
+ lnK(x)∫ x

0

ln Γ(t) dt =
x

2
ln 2π +

x(1− x)

2
+ x ln Γ(x)− lnG(1 + x)

3.2 ベータ関数

Definition 3.14.

B(a, b) :=
Γ(a)Γ(b)

Γ(a+ b)
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Theorem 3.15 (級数表示).

B(a, b) =
∑
0≤n

(1− a)n
n!(n+ b)

Theorem 3.16 (積分表示).

B(a, b) =

∫ 1

0

xa−1(1− x)b−1 dx

B(a, b) = 2

∫ π/2

0

sin2a−1 x cos2b−1 x dx

3.3 ディガンマ関数

Definition 3.17.

ψ(x) :=
Γ′(x)

Γ(x)

Theorem 3.18 (特殊値).

ψ(1) = −γ

ψ

(
1

2

)
= −γ − 2 ln 2

ψ

(
1

3

)
= −γ − π

2
√
3
− 3 ln 3

2

ψ

(
2

3

)
= −γ +

π

2
√
3
− 3 ln 3

2

ψ

(
1

4

)
= −γ − π

2
− 3 ln 2

ψ

(
3

4

)
= −γ +

π

2
− 3 ln 2

ψ

(
1

6

)
= −γ −

√
3π

2
− 2 ln 2− 3 ln 3

2

ψ

(
1

8

)
= −γ − π

2
− 4 ln 2− π + ln(2 +

√
2)− ln(2−

√
2)√

2

ψ(1 + x) = −γ +Hx

Theorem 3.19 (級数表示).

ψ(1 + x) = −γ +
∑
0<n

(
1

n
− 1

n+ x

)
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Theorem 3.20 (Taylor級数).

ψ(1 + x) = −γ +
∑
1<n

(−1)nζ(n)xn−1

Theorem 3.21 (相反公式).

ψ(1− x)− ψ(x) = π cotπx

Theorem 3.22 (乗法定理).

1

n

n−1∑
k=0

ψ

(
x+

k

n

)
= ψ(nx)− lnn

Theorem 3.23 (Gauss’s digamma theorem). 正整数 0 < a < bに対し,

ψ
(a
b

)
= −γ − ln(2b)− π

2
cot

πa

b
+ 2

⌊(b−1)/2⌋∑
k=1

cos
2πak

b
ln sin

πa

b

Theorem 3.24 (x = ∞における漸近展開).

ψ(x) ∼ lnx− 1

2x
−
∑
0<n

B2n

2nx2n

3.4 ポリガンマ関数

Definition 3.25.

ψ(n)(x) :=
dn

dxn
ψ(x)

以下, nを正整数とする.

Theorem 3.26.

ψ(n)(1 + x) = ψ(n)(x) +
(−1)nn!

xn+1

Theorem 3.27.

ψ(n)(x) = (−1)n−1n!ζ(n+ 1, x)

Theorem 3.28 (級数表示).

ψ(r)(x) = (−1)r−1r!
∑
0≤n

1

(n+ x)r+1
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Theorem 3.29 (Taylor級数).

ψ(r)(x) = r!
∑
0<n

(−1)n−r
(
n+ r − 1

r

)
ζ(n+ r)xn−1

Theorem 3.30 (積分表示).

ψ(n)(x) = (−1)n−1

∫ ∞

0

tne−xt

1− e−t
dt

Theorem 3.31 (x = ∞における漸近展開).

ψ(r)(x) ∼ (−1)r−1

(
(r − 1)!

xr
+

r!

2xr+1
+
∑
0<n

(2n+ r − 1)!B2n

(2n)!z2n+r

)

Theorem 3.32 (乗法定理).

n−1∑
k=0

ψ(r)

(
x+

k

n

)
= nr+1ψ(r)(nx)

3.5 Barnes G関数

Definition 3.33.

G(1 + x) := (2π)x/2 exp

(
−x+ x2(1 + γ)

2

)∏
0<n

(
1 +

x

n

)n
exp

(
−x+

x2

2n

)
Theorem 3.34 (特殊値).

G

(
1

2

)
=
e1/821/24

A3/2π1/4

G

(
3

2

)
=
π1/4e1/821/24

A3/2

G

(
5

2

)
=
π3/4e1/821/24

2A3/2

G

(
1

4

)
=
e3/32−β(2)/(4π)

A9/8Γ
(
1
4

)3/4
G

(
3

4

)
=
e3/32+β(2)/(4π)

A9/8Γ
(
1
4

)1/4
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Theorem 3.35.
G(1 + x) = Γ(x)G(x)

Theorem 3.36.

ln
G(1− x)

G(1 + x)
= −x ln 2π + π

∫ x

0

t cotπt dt

ln
G(1− x)

G(1 + x)
= x ln

sinπx

π
+

Cl2(2πx)

2π

Theorem 3.37 (Taylor展開).

lnG(1 + x) =
x

2
ln 2π − x+ (1 + γ)x2

2
+
∑
1<n

(−1)nζ(n)

n+ 1
xn+1

Theorem 3.38 (x = ∞における漸近展開).

lnG(1 + x) ∼
(
1

2
lnx− 3

4

)
x2 +

x

2
ln 2π − 1

12
lnx+ ζ ′(−1) +

∑
0<n

B2n+2

4n(n+ 1)x2n

3.6 Kinkelin K 関数

Definition 3.39.

K(x) := exp(ζ ′(−1, x)− ζ ′(−1))

Theorem 3.40 (特殊値).

K(1) = 1

K(2) = 1

K(3) = 4

K(4) = 108

K(5) = 27648

K(6) = 86400000

K(n+ 1) = 112233 · · ·nn

K

(
1

2

)
=

A3/2

21/24e1/8

Theorem 3.41.

lnG(x) + lnK(x) = (x− 1) ln Γ(x)
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Theorem 3.42.

K(x) =
Γ1,1(x)

Γ1,1(0)

3.7 多重ガンマ関数

Definition 3.43.
Γr(x;α) := exp (ζ ′r(0, x;α))

3.8 多重三角関数

Definition 3.44. |α| := α1 + · · ·+ αr として,

Sr(x;α) := Γr(x;α)−1Γr(|α| − x;α)(−1)r

と定義する.

3.9 Hadamardのガンマ関数

Definition 3.45.

U =
2x/2

Γ
(
1− x

2

) , V =
2x/2

Γ
(
1−x
2

)
として,

H(x) :=
√
π

(
V
dU

dx
− U

dV

dx

)
と定義する.

Theorem 3.46 (特殊値).

H(0) = ln 2

H(n+ 1) = n!

H

(
1

2

)
=

√
π

2

H(−n) = (−1)n

n!

(
ln 2 +

n∑
k=1

(−1)k

k

)
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Theorem 3.47.

H(x) = xH(x) +
1

Γ(1− x)

Theorem 3.48 (相反公式).

H(x)

Γ(x)
+
H(1− x)

Γ(1− x)
= 1

4 ゼータ関数系

4.1 Riemannゼータ関数

Definition 4.1.

ζ(s) =
∑
0<n

1

ns
, (Rs > 1)

一般の複素数 s ̸= 1に対しては解析接続して定義される.

Theorem 4.2 (特殊値 I). 正整数 nに対し,

ζ(2) =
π2

6

ζ(4) =
π4

90

ζ(6) =
π6

945

ζ(8) =
π8

9450

ζ(10) =
π10

93555

ζ(12) =
691π12

638512875

ζ(14) =
2π14

18243225

ζ(2n) = (−1)n−1 (2π)
2nB2n

2(2n)!
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Theorem 4.3 (特殊値 II). 正整数 nに対し,

ζ(0) = −1

2

ζ(−1) = − 1

12

ζ(−3) =
1

120

ζ(−5) = − 1

252

ζ(−7) =
1

240

ζ(−9) = − 1

132

ζ(−11) =
691

32760

ζ(−13) = − 1

12
ζ(−2n) = 0

ζ(−n) = −Bn+1

n+ 1

Theorem 4.4 (特殊値 III). 正整数 nに対し,

ζ ′(0) = −1

2
ln(2π)

ζ ′(−2) = − 1

4π2
ζ(3)

ζ ′(−4) =
3

4π4
ζ(5)

ζ ′(−6) = − 45

8π6
ζ(7)

ζ ′(−8) =
315

4π8
ζ(9)

ζ ′(−2n) = (−1)n
(2n)!

2(2π)2n
ζ(2n+ 1)

Theorem 4.5 (Euler積表示).

ζ(s) =
∏

p:prime

1

1− p−s
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Theorem 4.6 (積分表示).

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx

ζ(s) = s

∫ ∞

0

1

xs+1

(
1

2
− x+ ⌊x⌋

)
dx

Theorem 4.7 (関数等式).

ζ(s) = 2sπs−1 sin
πs

2
Γ(1− s)ζ(1− s)

ζ(1− s) = 21−sπ−s cos
πs

2
Γ(s)ζ(s)

4.2 Dirichletイータ関数

Definition 4.8.

η(s) :=
∑
0<n

(−1)n−1

ns
, Rs > 0

ゼータ関数と次のような関係にある.

η(s) = (1− 21−s)ζ(s)
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Theorem 4.9 (特殊値).

η(0) =
1

2
η(1) = ln 2

η(2) =
π2

12

η(4) =
7π4

720

η(6) =
31π6

30240

η(8) =
127π8

1209600

η(10) =
73π10

6842880

η(2n) = (−1)n−1 (2
2n−1 − 1)B2nπ

2n

(2n)!

η′(0) =
1

2
ln
π

2

η′(1) = γ ln 2− ln2 2

2

4.3 Dirichletベータ関数

Definition 4.10.

β(s) :=
∑
0≤n

(−1)n

(2n+ 1)s
, Rs > 0

一般の複素数に対しては解析接続して定義される.
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Theorem 4.11 (特殊値). 非負整数 nに対し,

β(0) =
1

2

β(1) =
π

4

β(3) =
π3

32

β(5) =
5π5

1536

β(7) =
61π7

184320

β(2n+ 1) = (−1)n
E2n

2(2n)!

(π
2

)2n+1

β(−n) = En
2

β′(1) =
π

4
(γ − lnπ) + π ln Γ

(
3

4

)
Theorem 4.12 (積分表示).

β(s) =
1

Γ(s)

∫ ∞

0

xs−1e−x

1 + e−2x
dx

Theorem 4.13 (関数等式).

β(s) =
(π
2

)s−1

cos
πs

2
Γ(1− s)β(1− s)

β(1− s) =
(π
2

)−s
sin

πs

2
Γ(s)β(s)

4.4 Dirichlet L関数

Definition 4.14 (Dirichlet指標). 任意の整数 a, bに対し, Z上の複素数値関数で,

1. χ(a)χ(b) = χ(ab)

2. χ(a+ n) = χ(a)

3. χ(a) ̸= 0ならば, aと nは互いに素.

を満たすものを, nを法とする Dirichlet指標という.

Definition 4.15. Dirichlet指標に対し,

L(s, χ) :=
∑
0<n

χ(n)

ns
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と定義する.

Theorem 4.16 (関数等式).(π
n

)−s/2
Γ

(
s+ a

2

)
L(s, χ) =

G(χ)

ia
√
n

(π
n

)−(1−s)/2
Γ

(
1− s+ a

2

)
L(1− s, χ)

ここで, aは指標の偶奇によって, 0, 1のどちらかをとり,

G(χ) :=
n−1∑
k=0

χ(k)e2πik/n

である.

4.5 Hurwitzゼータ関数

Definition 4.17.

ζ(s, x) :=
∑
0≤n

1

(n+ x)s

一般の複素数 s ̸= 1に対しては解析接続して定義される.

Theorem 4.18 (特殊値). 正整数 nに対して,

ζ(0, x) =
1

2
− x

ζ(−n, x) = −Bn+1(x)

n+ 1

Theorem 4.19 (Distribution relation).

n−1∑
k=0

ζ

(
s, x+

k

n

)
= nsζ(s, nx)

Theorem 4.20 (積分表示).

ζ(s, a) =
1

Γ(s)

∫ ∞

0

xs−1e−ax

1− e−x
dx

Theorem 4.21 (関数等式). 正整数 0 < a ≤ bに対し,

ζ
(
1− s,

a

b

)
=

2Γ(s)

(2πb)s

b∑
k=1

cos

(
πs

2
− 2πak

b

)
ζ

(
s,
k

b

)
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Theorem 4.22 (Hurwitz’s formula).

ζ(1− s, x) =
2Γ(s)

(2π)s

∑
0<n

1

ns
cos
(πs

2
− 2πnx

)

4.6 Barnes多重ゼータ関数

Definition 4.23.

ζr(s, x;α) :=
∑

0≤n1,...nr

1

(x+ n ·α)s

Theorem 4.24 (積分表示).

ζr(s, x;α) =
1

Γ(s)

∫ ∞

0

ts−1e−xt∏r
i=1(1− e−αit)

dt, (Rs > n)

4.7 Riemann-Siegel関数

Definition 4.25.

Z(x) := eiθ(x)ζ

(
1

2
+ ix

)
θ(x) := I ln Γ

(
1

4
+ i

x

2

)
− x

2
lnπ

4.8 Ramanujan L関数

Definition 4.26.

Lτ (s) :=
∑
0<n

τ(n)

ns

Theorem 4.27 (Euler積表示).

Lτ (s) =
∏

p:prime

1

1− τ(p)p−s + p11−2s

Theorem 4.28 (関数等式).

(2π)−sΓ(s)Lτ (s) = (2π)s−12Γ(12− s)Lτ (12− s)
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5 多重対数関数系

5.1 多重対数関数

Definition 5.1.

Lis(x) =
∑
0<n

xn

ns
, |x| ≤ 1

一般の複素数に対しては解析接続して定義される.

Theorem 5.2 (Li2 の特殊値).

ρ =

√
5− 1

2

とする.

Li2(1) =
π2

6

Li2(−1) = −π
2

12

Li2

(
1

2

)
=
π2

12
− ln2 2

2

Li2(ρ) =
π2

10
− ln2 ρ

Li2(−ρ) =
ln2 ρ

2
− π2

15

Li2(ρ
2) =

π2

15
− ln2 ρ

Li2(i) = −π
2

48
+ iβ(2)

Theorem 5.3 (Li3 の特殊値).

ρ =

√
5− 1

2
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とする.

Li3(1) = ζ(3)

Li3(−1) = −3

4
ζ(3)

Li3

(
1

2

)
=

7

8
ζ(3)− π2

12
ln 2 +

1

6
ln3 2

Li3(ρ
2) =

4

5
ζ(3) +

2π2

15
ln ρ− 2

3
ln3 ρ

Theorem 5.4 (sに関する特殊値).

Li1(x) = − ln(1− x)

Li0(x) =
x

1− x

Li−1(x) =
x

(1− x)2

Li−2(x) =
x(1 + x)

(1− x)3

Li−3(x) =
x(1 + 4x+ x2)

(1− x)4

Li−4(x) =
x(1 + x)(1 + 10x+ x2)

(1− x)5

Theorem 5.5 (Li2 の関係式).

Li2(x) + Li2(1− x) =
π2

6
− lnx ln(1− x)

Li2(x) + Li2

(
− x

1− x

)
= −1

2
ln2(1− x)

Li2(−x) + Li2

(
− 1

x

)
= −π

2

6
− ln2 x

2

Li2

(
x

1− y

)
+ Li2

(
y

1− x

)
− Li2

(
x

1− y

y

1− x

)
= Li2(x) + Li2(y) + Li1(x)Li1(y)

Li2(x) + Li2(y)− Li2(xy)

= Li2

(
x(1− y)

1− xy

)
+ Li2

(
y(1− x)

1− xy

)
+ Li1

(
x(1− y)

1− xy

)
Li1

(
y(1− x)

1− xy

)

40



Theorem 5.6 (Li3 の関係式).

Li3(−x) + Li3

(
− 1

x

)
= −1

6
ln3 x− π2

6
lnx

Li3(x) + Li3(1− x) + Li3

(
1− 1

x

)
= ζ(3) +

1

6
ln3 x+

π2

6
lnx− 1

2
ln2 x ln(1− x)

Theorem 5.7 (乗法定理).

n−1∑
k=0

Lis(xe
2πik/n) = n1−sLis(x

n)

5.2 Roger’s dilogarithm

Definition 5.8.

L(x) :=
6

π2

(
Li2(x) +

1

2
lnx ln(1− x)

)
Theorem 5.9 (特殊値 I).

L(0) = 0

L(1) = 1

L

(
1

2

)
=

1

2

2− 6L

(
1

4

)
− 2L

(
1

8

)
+ L

(
1

64

)
= 0

2− 6L

(
1

3

)
+ L

(
1

9

)
= 0

Theorem 5.10 (特殊値 II).

ρ =

√
5− 1

2
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とする.

L(ρ) =
3

5

L(ρ2) =
2

5

L(ρ6)− 4L(ρ3)− 3L(ρ2) + 6L(ρ) =
7

5

L(ρ12)− 2L(ρ6)− 3L(ρ4)− 4L(ρ3) + 6L(ρ2) =
3

5

L(ρ20)− 2L(ρ10)− 15L(ρ4) + 10L(ρ2) =
6

5

L(
√
ρ) + L

(
1

1 +
√
ρ

)
=

13

11

Theorem 5.11 (特殊値 III).

α =
1

2 cos 2π
7

β =
1

2 cos π7

γ = 2 cos
3π

7

δ =

√
3 + 2

√
5− 1

2

a =
1

2 cos π9

b =
1

2 cos 2π
9

c = 2 cos
4π

9

d = 2
√
3 cos

5π

18
− 2

e = 2
√
3 cos

11π

18
+ 2

f = 2
√
3 cos

7π

18
− 1
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とする.

L(α)− L(α2) =
1

7

2L(β) + L(β2) =
10

7

2L(γ) + L(γ2) =
8

7

5L(δ3)− 5L(δ) + 1 = 0

L(δ12)− 2L(δ6)− 6L(δ4) + 4L(δ3) + 3L(δ2) + 4L(δ)− 4 = 0

3L(a3)− 9L(a2)− 9L(a) + 7 = 0

3L(b6)− 6L(b3)− 27L(b2) + 18L(b) + 2 = 0

3L(c6)− 6L(c3)− 27L(c2) + 18L(c)− 2 = 0

2L(d3)− 2L(d2)− 11L(d) + 3 = 0

2L(e6)− 4L(e3)− 15L(e2) + 22L(e)− 6 = 0

2L(f6)− 4L(f3)− 15L(f2) + 22L(f)− 4 = 0

Theorem 5.12 (関係式).

L(x) + L(1− x) = 1

L(x) + L(y)− L(xy) = L

(
x(1− y)

1− xy

)
+ L

(
y(1− x)

1− xy

)
L(x) + L

(
1

x

)
= 2

1 + L(x) = L

(
1

1− x

)
L(x2) = 2L(x)− 2L

(
x

1 + x

)

5.3 Legendreのカイ関数

Definition 5.13.

χs(x) =
∑
0≤n

x2n+1

(2n+ 1)s

多重対数関数と以下の関係にある.

χs(x) =
1

2
(Lis(x)− Lis(−x))
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Theorem 5.14 (χ2 の特殊値).

ρ =

√
5− 1

2

とする.

χ2(1) =
π2

8

χ2(
√
2− 1) =

π2

16
− ln2(

√
2− 1)

4

χ2(ρ) =
π2

12
− 3 ln2 ρ

4

χ2(ρ
3) =

π2

24
− 3 ln2 ρ

4

χ2

(
1√
2

)
= Li2

(
1√
2

)
+

ln2 2

8
− π2

48

χ2

(
(
√
2− 1)2

)
=

7π2

48
+

1

2
ln 2 ln(

√
2− 1)− ln2 2

8
− Li2

(
1√
2

)
Theorem 5.15 (χ2 の関係式).

χ2(x) + χ2

(
1− x

1 + x

)
=
π2

8
− 1

2
lnx ln

(
1− x

1 + x

)

5.4 Inverse tangent integral

Definition 5.16.

Tis(x) :=
∑
0≤n

(−1)n

(2n+ 1)s
x2n+1

Theorem 5.17 (特殊値).

Tis(1) = β(s)

Theorem 5.18.

Ti2(x) =

∫ x

0

arctan t

t
dt

Theorem 5.19 (Fourier級数).

Ti2(tanx) = x ln tanx+
∑
0≤n

sin(4n+ 2)x

(2n+ 1)2
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5.5 Clausen関数

Definition 5.20. 正整数 r に対し,

Cl2r(x) =
∑
0<n

sinnx

n2r

Cl2r−1(x) =
∑
0<n

cosnx

n2r−1

Sl2r(x) =
∑
0<n

cosnx

n2r

Sl2r−1(x) =
∑
0<n

sinnx

n2r−1

と定義する.

Theorem 5.21 (Slの特殊値). 0 < x < 2π としたとき,

Sl1(x) =
π

2
− x

2

Sl2(x) =
π2

6
− πx

2
+
x2

4

Sl3(x) =
π2x

6
− πx2

4
+
x3

12

Sl4(x) =
π4

90
− π2x2

12
+
πx3

12
− x4

48

Slr(x) =
(−1)⌊r/2⌋−1(2π)r

2r!
Br

( x
2π

)
Theorem 5.22 (Clの特殊値).

Cl2r(πn) = 0

Cl2r

(π
2

)
= β(2r)

Cl2r−1(0) = ζ(2r − 1)

Cl2r−1(π) = −η(2r − 1)

Cl2r−1

(π
2

)
= −21−2rη(2r − 1)

Theorem 5.23 (Duplication formula).

Clr(2x) = 2r−1(Clr(x) + (−1)r−1Cl(π − x))
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Theorem 5.24.

Cl2r(x) = I(Li2r(e
ix))

Cl2r−1(x) = R(Li2r−1(e
ix))

Theorem 5.25. ∫ x

0

ln sinx dx = −1

2
Cl2(2x)− x ln 2∫ x

0

ln cosx dx =
1

2
Cl2(π − 2x)− x ln 2∫ x

0

ln tanx dx = −1

2
Cl2(2x)−

1

2
Cl2(π − 2x)

5.6 Lerch Transcendent

Definition 5.26.

Φ(z, s, a) :=
∑
0≤n

zn

(n+ a)s

Theorem 5.27.

Φ(1, s, a) = ζ(s, a)

Φ(z, s, 1) =
Lis(z)

z

Φ

(
z2, s,

1

2

)
= 2szχs(z)

Theorem 5.28 (積分表示).

Φ(z, s, a) =
1

Γ(s)

∫ ∞

0

xs−1e−ax

1− ze−x
dt

6 多重ゼータ値系

6.1 多重ゼータ値

Definition 6.1. k = (k1, . . . , ka)に対し,

ζ(k) :=
∑

0<n1<···<na

1

nk
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と定義する.ここで, nk = nk11 · · ·nkaa である. aを dep(k)と表し, wt(k) := k1+ · · ·+ka
とする.

Theorem 6.2 (特殊値).

ζ({2}n) = π2n

(2n+ 1)!

ζ({4}n) = 22n+1π4n

(4n+ 2)!

ζ({6}n) = 6(2π)6n

(6n+ 3)!

ζ({8}n) = 8(2π)8n

(8n+ 4)!

((
1 +

1√
2

)4n+2

+

(
1− 1√

2

)4n+2
)

ζ({10}n) = 10(2π)10n(1 + L10n+5)

(10n+ 5)!

ζ({12}n) = 12(2π)12n

(12n+ 6)!

(1 +
√
3√

2

)12n+6

+

(
1−

√
3√

2

)12n+6

+ 26n+3


ζ({1, 3}n) = 2π4n

(4n+ 2)!

Theorem 6.3 (関係式).

ζ(3) = ζ(1, 2)

ζ(4) = ζ(1, 1, 2)

ζ(1, 3) =
1

4
ζ(4)

ζ(2, 2) =
3

4
ζ(4)

ζ(5) = ζ(1, 1, 1, 2)

ζ(1, 4) = ζ(1, 1, 3)

ζ(2, 3) = ζ(1, 2, 2)

ζ(3, 2) = ζ(2, 1, 2)

ζ(2, 3) =
1

2
ζ(5)− 3ζ(1, 4)

ζ(3, 2) =
1

2
ζ(5) + 2ζ(1, 4)
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ζ(6) = ζ(1, 1, 1, 1, 2)

ζ(1, 5) = ζ(1, 1, 1, 3)

ζ(2, 4) = ζ(1, 1, 2, 2)

ζ(3, 3) = ζ(1, 2, 1, 2)

ζ(4, 2) = ζ(2, 1, 1, 2)

ζ(1, 3, 2) = ζ(2, 1, 3)

ζ(2, 4) =
1

6
ζ(6)− 2ζ(1, 5)

ζ(3, 3) =
1

4
ζ(6)− ζ(1, 5)

ζ(4, 2) =
7

12
ζ(6) + 2ζ(1, 5)

ζ(1, 1, 4) = 2ζ(1, 5)− 1

16
ζ(6)

ζ(1, 2, 3) =
13

48
ζ(6)− 6ζ(1, 5)

ζ(1, 3, 2) = 3ζ(1, 5)− 1

24
ζ(6)

ζ(2, 2, 2) =
3

16
ζ(6)

ζ(3, 1, 2) =
11

16
ζ(6)− 2ζ(1, 5)

Theorem 6.4 (和公式). ∑
dep(k)=a
wt(k)=k

ζ(k) = ζ(k)

Theorem 6.5 (双対性).

k = ({1}a1−1, b1, . . . , {1}ar−1, br)

としたとき,その双対インデックスを,

k† = ({1}br−1, ar, . . . , {1}b1−1, a1)

と定義する.このとき,
ζ(k) = ζ(k†)

Theorem 6.6 (大野関係式). インデックスの和を k+e = (k1+e1, . . . , ka+ea)とする.

Oh(k) =
∑
0≤ei

e1+···+ea=h

ζ(k + e)
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としたとき,
Oh(k) = Oh(k

†)

Theorem 6.7.

∑
0≤n

ζ({r}n)xrn = exp

(∑
0<n

(−1)n−1ζ(rn)

n
xrn

)

Theorem 6.8. ∑
0<n,m

ζ({1}n−1,m+ 1)xnym = 1− Γ(1− x)Γ(1− y)

Γ(1− x− y)

6.2 等号付き多重ゼータ値

Definition 6.9.

ζ∗(k) :=
∑

0<n1≤···≤na

1

nk

Theorem 6.10 (特殊値).

ζ∗({2}n) = 2(1− 21−2n)ζ(2n)

ζ∗(1, {2}n) = 2ζ(2n+ 1)

ζ∗({1}n−1, 2) = nζ(n+ 1)

Theorem 6.11 (和公式). ∑
dep(k)=r
wt(k)=k

ζ∗(k) =

(
k − 1

r − 1

)
ζ∗(k)

Theorem 6.12 (Weighted sum formula).

r−1∑
k=2

2kζ(r − k, k) = (r + 1)ζ(r)

6.3 交代多重ゼータ値

Definition 6.13. εi = ±1として,

ζ(k; ε) :=
∑

0<n1<···<na

εn

nk
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εi = −1のとき, ki を ki と書いて, 1つの交代インデックスで,

ζ(k) := ζ(k; ε)

と表す.

Theorem 6.14 (特殊値).

ζ({2}n) = (−1)n(n+1)/2π2n

2n(2n+ 1)!

ζ({4}n) = (−1)n(n+1)/2π4n

(4n+ 2)!

(
(1 +

√
2)2n+1 + (1−

√
2)2n+1

)
ζ({6}n) = 3π6n

2(6n+ 3)!

·

1 + (−1)n(n+1)/223n+1

(1 +
√
3

2

)6n+3

+

(
1−

√
3

2

)6n+3

− 1


ζ({1, 2}n) = 8−nζ({3}n)

Theorem 6.15 (weight 1,2の特殊値).

ζ(1) = − ln 2

ζ(2) = −π
2

12

ζ(1, 1) =
ln2 2

2

ζ(1, 1) =
ln2 2

2
− π2

12
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Theorem 6.16 (weight 3の特殊値).

ζ(3) = −3

4
ζ(3)

ζ(1, 2) =
1

8
ζ(3)

ζ(1, 2) = ζ(3)− π2

4
ln 2

ζ(1, 2) =
π2

4
ln 2− 13

8
ζ(3)

ζ(2, 1) =
π2

12
ln 2− 1

4
ζ(3)

ζ(2, 1) =
5

8
ζ(3)− π2

6
ln 2

ζ(1, 1, 1) = −1

6
ln3 2

ζ(1, 1, 1) = −7

8
ζ(3) +

π2

12
ln 2− 1

6
ln3 2

ζ(1, 1, 1) =
ζ(3)

8
− ln3 2

6

ζ(1, 1, 1) = −1

4
ζ(3) +

π2

12
ln 2− 1

6
ln3 2

Theorem 6.17 (weight 4の特殊値).

ζ(4) = − 7

720
π4

ζ(2, 2) = − 3

1440
π4

ζ(1, 3) =
19

1440
π4 − 7

4
ζ(3) ln 2

ζ(3, 1) =
3

4
ζ(3) ln 2− 5

1440
π4

ζ(1, 1, 1, 1) =
1

24
ln4 2
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6.4 Multiple T-value

Definition 6.18.

T (k) := 2a
∑

0<n1<···<na

1

(2n1 − 1)k1 · · · (2na − r)ka

t(k) :=
∑

0<n1<···<na

1

(2n1 − 1)k1 · · · (2na − 1)ka

t∗(k) :=
∑

0<n1≤···≤na

1

(2n1 − 1)k1 · · · (2na − 1)ka

Theorem 6.19 (T (k)の特殊値).

T (2) =
π2

4

T (3) =
7

4
ζ(3)

T (4) =
π4

48
T (r) = 2(1− 2−r)ζ(r)
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Theorem 6.20 (t(k)の特殊値).

t(2) =
π2

8

t(3) =
7

8
ζ(3)

t(4) =
π4

96
t(r) = (1− 2−r)ζ(r)

t(1, 2) = − 7

16
ζ(3) +

1

8
π2 ln 2

t(2, 2) =
π4

384

t(1, 1, 2) =
11

5760
π4 − 1

16
7ζ(3) ln 2 +

1

16
π2 ln2 2 +

1

4
ζ(1, 3)

t(1, 4) = −31

64
ζ(5)− 1

448
π2ζ(3) +

1

96
π4 ln 2

t(2, 3) = −31

64
ζ(5) +

3

448
π2ζ(3)

t(3, 2) = −31

64
ζ(5) +

1

112
π2ζ(3)

t(1, 1) =
β(2)

2
− π ln 2

8

t({2}n) = π2n

22n(2n)!

t({4}n) = π4n

22n(4n)!

t({6}n) = 3π6n

4(6n)!

t({1}n) = (−1)n(n+1)/2πn

22nn!

t({3}n) = (−1)n(n+1)/23π3n

23n+1(3n)!

t∗({2}n) = (−1)nE2nπ
2n

22n(2n)!

Theorem 6.21 (双対性).

T (k) = T (k†)
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Theorem 6.22.∑
0<n,m

T ({1}n−1,m+ 1)xnym = 1− Γ(1− x)Γ(1− y)

Γ(1− x− y)
2F1

[
−x,−y
1− x− y

;−1

]
∑

0<n,m

t({1}n−1,m+ 1)xnym = 3F2

[
1, 1−x2 , 1+y2

3
2 ,

3−x
2

; 1

]

6.5 Multiple Polylogarithms

Definition 6.23.

Lik(z) :=
∑

0=n0<n1<···<na

a∏
i=1

z
ni−ni−1

i

nkii

Lik(z) := Lik(z, . . . , z)

Theorem 6.24 (z = 1
2 での特殊値).

Li1,1

(
1

2

)
=

ln2 2

2

Li1,2

(
1

2

)
=
ζ(3)

8
− ln3 2

6

Li2,1

(
1

2

)
= −1

4
ζ(3) +

π2

12
ln 2− 1

6
ln3 2

Li3

(
1

2

)
=

7

8
ζ(3)− π2

12
ln 2 +

1

6
ln3 2

Li1,1,1

(
1

2

)
=

1

6
ln3 2

Theorem 6.25.

Li1,1(x, y) = Li2

(
x− y

1− y

)
− Li2

(
− y

1− y

)
− Li2(x)

Li{1}r (z) =
(− ln(1− z))r

r!

Theorem 6.26. −1 < Rzi <
1
2 とする.

Lik(z) = Li{1}wt(k)

(
{1}ka−1,− za

1− za
, . . . , {1}k1−1,− z1

1− z1

)
Theorem 6.27 (Landen connection formula).

Lik

(
− z

1− z

)
=(−1)r

∑
k⪯k′

Lik′(z)
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7 楕円関数系

7.1 テータ関数

Definition 7.1.

ϑ0(x; τ) := ϑ01(x; τ) =
∞∑

n=−∞
eπiτn

2+2πin(x+ 1
2 )

ϑ1(x; τ) := −ϑ11(x; τ) = −
∞∑

n=−∞
eπiτ(n+

1
2 )

2
+2πi(n+ 1

2 )(x+
1
2 )

ϑ2(x; τ) := ϑ10(x; τ) =

∞∑
n=−∞

eπiτ(n+
1
2 )

2
+2πi(n+ 1

2 )x

ϑ3(x; τ) := ϑ00(x; τ) =

∞∑
n=−∞

eπiτn
2+2πinx

また, q = eπiτ を変数として,

ϑ0(x, q) :=
∞∑

n=−∞
qn

2

e2πin(x+
1
2 )

ϑ1(x, q) := −
∞∑

n=−∞
q(n+

1
2 )

2

e2πi(n+
1
2 )(x+

1
2 )

ϑ2(x, q) :=
∞∑

n=−∞
q(n+

1
2 )

2

e2πi(n+
1
2 )x

ϑ3(x, q) :=
∞∑

n=−∞
qn

2

e2πinx

ϑi(x) := ϑi(x; τ), ϑi := ϑi(0; τ)と書くこともあり, ϑ4 := ϑ0 とする.

Theorem 7.2 (特殊値).

φ(q) :=

∞∑
n=−∞

qn
2

C :=
4
√
π

Γ
(
3
4

)
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とする.

φ(e−π) = C

φ(e−2π) =
4
√

6 + 4
√
2

2
C

φ(e−3π) =
4
√

3 + 2
√
3√

3
C

φ(e−4π) =
2 + 4

√
8

4
C

φ(e−5π) =
4
√

9 + 4
√
5√

5
C

φ(e−6π) =

√
1 +

√
2 +

√
3 + 4

√
3

8
√
1728

C

φ(e−7π) =
4
√

7 + 4
√
7 + 5 4

√
28 + 4

√
1372√

7
C

φ(e−8π) =

√
2 +

√
2 + 8

√
128

4
C

φ(e−9π) =
1 + (1 +

√
3)

3
√

2−
√
3

3
C

Theorem 7.3 (無限積表示).

ϑ0(x, q) =
∏
0<n

(1− q2n)(1− 2q2n−1 cos 2x+ q4n−2)

ϑ1(x, q) = 2q1/4 sinx
∏
0<n

(1− q2n)(1− 2q2n cos 2x+ q4n)

ϑ2(x, q) = 2q1/4 cosx
∏
0<n

(1− q2n)(1 + 2q2n cos 2x+ q4n)

ϑ3(x, q) =
∏
0<n

(1− q2n)(1 + 2q2n−1 cos 2x+ q4n−2)
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Theorem 7.4 (Jacobiの虚数変換式).

ϑ0

(
x

τ
;−1

τ

)
= eπix

2/τ−πi/4√τϑ2(x; τ)

ϑ1

(
x

τ
;−1

τ

)
= −ieπix

2/τ−πi/4√τϑ1(x; τ)

ϑ2

(
x

τ
;−1

τ

)
= eπix

2/τ−πi/4√τϑ0(x; τ)

ϑ3

(
x

τ
;−1

τ

)
= eπix

2/τ−πi/4√τϑ3(x; τ)

Theorem 7.5 (Landenの公式).

ϑ0(0; 2τ)ϑ0(2x; 2τ) = ϑ0(x; τ)ϑ4(x; τ)

ϑ0(0; 2τ)ϑ1(2x; 2τ) = ϑ1(x; τ)ϑ2(x; τ)

Theorem 7.6.

ϑ20ϑ0(x)
2 + ϑ22ϑ2(x)

2 = ϑ23ϑ3(x)
2

ϑ20ϑ1(x)
2 + ϑ23ϑ2(x)

2 = ϑ22ϑ3(x)
2

ϑ20ϑ2(x)
2 + ϑ23ϑ1(x)

2 = ϑ22ϑ0(x)
2

ϑ20ϑ3(x)
2 + ϑ22ϑ1(x)

2 = ϑ23ϑ0(x)
2

ϑ40 + ϑ42 = ϑ43

7.2 Ramanujanテータ関数

Definition 7.7.

f(a, b) :=

∞∑
n=−∞

an(n+1)/2bn(n−1)/2

Theorem 7.8.

f(a, 0) = a+ 1

f(0, b) = b+ 1

f(a, b) = f(b, a)

Theorem 7.9.

f(a, b) = (−a,−b, ab; ab)∞
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Theorem 7.10 (積分表示).

f(a, b) = 1 +
2a√
2π

∫ ∞

0

1− a
√
ab cosh(t

√
ln ab)

1 + a3b− 2a
√
ab cosh(t

√
ln ab)

e−t
2/2 dt

+
2b√
2π

∫ ∞

0

1− b
√
ab cosh(t

√
ln ab)

1 + ab3 − 2b
√
ab cosh(t

√
ln ab)

e−t
2/2 dt

7.3 Dedekindイータ関数

Definition 7.11. q = eπiτ として,

η(τ) := q1/12
∏
0<n

(1− q2n)

∆(τ) := (2π)12η(τ)24

と定義する.

Theorem 7.12 (特殊値).

η(i) =
1

2π3/4
Γ

(
1

4

)
η(2i) =

1

211/8π3/4
Γ

(
1

4

)
η(3i) =

1

2 3
√
3

12
√

3 + 2
√
3π3/4

Γ

(
1

4

)

η(4i) =
4
√√

2− 1

229/16π3/4
Γ

(
1

4

)
η

(
i

2

)
=

1

27/8π3/4
Γ

(
1

4

)
η(e2πi/3) = e−πi/24

8
√
3

2π
Γ

(
1

3

)3/2

Theorem 7.13 (関数等式).

η(τ + 1) = eπi/12η(τ)

η

(
−1

τ

)
= e−πi/4

√
τη(τ)
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Theorem 7.14 (Fourier級数表示).

∆(τ) = (2π)12
∑
0<n

τ(n)e2πinτ

7.4 楕円ラムダ関数

Definition 7.15.

λ(τ) :=
ϑ2(0; τ)

4

ϑ3(0; τ)4

λ∗(r) :=

√
λ(i

√
r)
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Theorem 7.16 (特殊値).

λ∗(1) =
1√
2

λ∗(2) =
√
2− 1

λ∗(3) =

√
6−

√
2

4

λ∗(4) = 3− 2
√
2

λ∗(5) =

√
1

2
−
√√

5− 2

λ∗(6) = (2−
√
3)(

√
3−

√
2)

λ∗(7) =
1

4
√
2
(3−

√
7)

λ∗(8) =

(
1 +

√
2−

√
2 + 2

√
2

)2

λ∗(9) =
1

2
(
√
2− 4

√
3)(

√
3− 1)

λ∗(10) = (
√
10− 3)(

√
2− 1)2

λ∗(12) = (
√
3−

√
2)2(

√
2− 1)2

λ∗
(
1

2

)
=

√
2(
√
2− 1)

λ∗
(
1

3

)
=

1

2

√
2 +

√
3

λ∗
(
2

3

)
= (2−

√
3)(

√
2 +

√
3)

λ∗
(
1

4

)
= 2

√
3
√
2− 4

λ∗
(
1

5

)
=

√
1

2
+

√√
5− 2

λ∗
(
2

5

)
= (

√
10− 3)(

√
2 + 1)2
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7.5 楕円アルファ関数

Definition 7.17. kr = λ∗(r)として,

α(r) :=
π

4K(kr)2
+

√
r

(
1− E(kr)

K(kr)

)
δ(r) :=

√
r − 2α(r)

と定義する.

Theorem 7.18 (特殊値).

α(1) =
1

2

α(2) =
√
2− 1

α(3) =

√
3− 1

2

α(4) = 2(
√
2− 1)2

α(5) =

√
5−

√
2
√
5− 2

2

α(6) = 5
√
6 + 6

√
3− 8

√
2− 11

α(7) =

√
7

2
− 1

α(8) = 2
(
10 + 7

√
2
)(

1−
√
2
√
2− 2

)2

α(9) =
3− 33/4

√
2(
√
3− 1)

2

α(10) = 72
√
2− 46

√
5 + 33

√
10− 103

α(12) = 264− 188
√
2 + 154

√
3− 108

√
6

α(15) =

√
15−

√
5− 1

2

Theorem 7.19.
α(4r) = (1 + k4r)

2α(r)− 2
√
rk4r
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7.6 楕円積分

Definition 7.20. 不完全楕円積分を以下で定義する.

F (ϕ, k) :=

∫ ϕ

0

1√
1− k2 sin2 x

dx

F (x; k) :=

∫ x

0

1√
(1− z2)(1− k2z2)

dz

E(ϕ, k) :=

∫ ϕ

0

√
1− k2 sin2 x dz

E(x; k) :=

∫ x

0

√
1− k2z2

1− z2
dz

Definition 7.21. 完全楕円積分を以下で定義する.

K(k) := F (1; k)

E(k) := E(1; k)
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Theorem 7.22 (特殊値). Elliptic modulusを kr = λ∗(r)として,

K(k1) =
1

4
√
π
Γ

(
1

4

)2

K(k2) =

√
1 +

√
2

8 4
√
2
√
π

Γ

(
1

8

)
Γ

(
3

8

)
K(k3) =

4
√
3

4 3
√
2π

Γ

(
1

3

)3

K(k4) =

√
1 +

√
28

√
2πΓ

(
1

4

)2

K(k5) =
4
√

2 +
√
5

4

√
Γ
(

1
20

)
Γ
(

3
20

)
Γ
(

7
20

)
Γ
(

9
20

)
10π

K(k6) =

√
(
√
2− 1)(

√
2 +

√
3)(2 +

√
3)

8

√
Γ
(

1
24

)
Γ
(

5
24

)
Γ
(

7
24

)
Γ
(
11
24

)
6π

K(k7) =
Γ
(
1
7

)
Γ
(
2
7

)
Γ
(
4
7

)
4π 4

√
7

K(k8) =

√
1

2
+

√
1 + 5

√
2

4
√
2

4
√

1 +
√
2Γ
(
1
8

)
Γ
(
3
8

)
8
√
π

K(k9) =
4
√
32 +

√
3

12
√
π

Γ

(
1

4

)2

K(k12) =
4
√
3(1 +

√
2)(

√
2 +

√
3)
√

2−
√
3

213/3π
Γ

(
1

3

)3

K(k16) =
(1 + 4

√
2)2

16
√
2π

Γ

(
1

4

)2

K(k25) =
2 +

√
5

20
√
π

Γ

(
1

4

)2

Theorem 7.23 (Legendre’s relation).

K(k)E
(√

1− k2
)
+ E(k)K

(√
1− k2

)
−K(k)K

(√
1− k2

)
=
π

2

7.7 Jacobiの楕円関数

Definition 7.24.
x = F (ϕ, k)
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であるとき,その逆関数として,
ϕ := am(x, k)

が定まる.

sn(x, k) := sin(am(x, k))

cn(x, k) := cos(am(x, k))

dn(x, k) :=
√
1− k2 sn2(x, k)

Theorem 7.25 (k に関する特殊値).

sn(x, 0) = sinx

cn(x, 0) = cosx

dn(x, 0) = 1

sn(x, 1) = tanhx

cn(x, 1) =
1

coshx

dn(x, 1) =
1

coshx

Theorem 7.26 (xに関する特殊値). K := K(k), sn x := sn(x, k)とする.

sn 0 = 0

cn 0 = 1

dn 0 = 1

snK = 1

cnK = 0

dnK = k′

sn
K

2
=

1√
1 + k′

cn
K

2
=

√
k′

1 + k′

dn
K

2
=

√
k′
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Theorem 7.27 (加法定理).

sn(x+ y) =
snx cn y dn y + sn y cnxdnx

1− k2 sn2 x sn2 y

cn(x+ y) =
cnx cn y − snx sn y dnx dn y

1− k2 sn2 x sn2 y

dn(x+ y) =
dnxdn y − k2 snx sn y cnx cn y

1− k2 sn2 x sn2 y

Theorem 7.28 (倍角公式).

sn 2x =
2 snx cnx dnx

1− k2 sn4 x

cn 2x =
1− 2 sn2 x+ k2 sn4 x

1− k2 sn4 x

dn 2x =
1− 2k2 sn2 x+ k2 sn4 x

1− k2 sn4 x

Theorem 7.29.

sn2 x =
1− cn 2x

1 + dn 2x

cn2 x =
dn2x+ cn 2x

1 + dn 2x

dn2 x =
dn2x+ cn 2x

1 + cn 2x

Theorem 7.30 (Jacobiの虚数変換式).

sn(ix, k) = i
sn(x, k′)

cn(x, k′)

cn(ix, k) =
1

cn(x, k′)

dn(ix, k) =
dn(x, k′)

cn(x, k′)

Definition 7.31 (Jacobiの第 2種楕円関数).

ε(x, k) :=

∫ x

0

dn(t, k)2 dt

Z(x, k) := ε(x, k)− E(k)

K(k)
x

Theorem 7.32 (加法定理).

ε(x+ y) = ε(x) + ε(y)− k snx sn y sn(x+ y)

Z(x+ y) = Z(x) +Z(y)− k snx sn y sn(x+ y)
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7.8 Weierstrassの楕円関数

Definition 7.33.

℘(x;ω1, ω2) :=
1

x2
+

∑
n,m∈Z

(n,m)̸=(0,0)

(
1

(x+ nω1 +mω2)2
− 1

(nω1 +mω2)2

)

℘(x; τ) := ℘(x; 1, τ)

Theorem 7.34 (微分方程式).(
dy

dx

)2

= 4y3 − g2y − g3

Theorem 7.35.

℘(x;ω1, ω2) =
1

x2
+
g2
20
x2 +

g3
28
x4 +O(x6)

Definition 7.36. 方程式 4x3 − g2x− g3 の根を e1, e2, e3 とする.

Theorem 7.37.

e1 + e2 + e3 = 0

2(e21 + e22 + e23) = g2

4e1e2e3 = g3

Theorem 7.38. ω3 := −ω1 − ω2 とする.

℘
(ω1

2

)
= e1, ℘

(ω2

2

)
= e2, ℘

(ω3

2

)
= e3

7.9 Eisenstein級数

Definition 7.39.

Gr(τ) :=
∑
n,m∈Z

(n,m) ̸=(0,0)

1

(n+mτ)r

E2r :=
G2r(τ)

2ζ(2r)
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Theorem 7.40. q = eπiτ とする.

E2r(q) = 1− 4r

B2r

∑
0<n

n2r−1q2n

1− q2n

= 1− 4r

B2r

∑
0<n

σ2r−1(n)q
2n

7.10 j 不変量

Definition 7.41.

g2(τ) := 60G4(τ)

g3(τ) := 140G6(τ)

として,

j(τ) :=
1728g2(τ)

3

g2(τ)3 − 27g3(τ)2

と定義する.

Theorem 7.42 (特殊値).

J(τ) :=
j(τ)

1728
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とする.

J

(
1 + i

√
3

2

)
= 0

J(i) = 1

J

(
1 + i

2

)
= 1

J(
√
2i) =

(
5

3

)3

J(2i) =

(
11

2

)3

J(2
√
2i) =

(
5

6

)3

(19 + 13
√
2)3

J

(
1 + 2i

√
2

3

)
=

(
5

6

)3

(19− 13
√
2)3

J(4i) =
1

43
(724 + 513

√
2)3

J

(
1

2
+ i

)
=

1

43
(724− 513

√
2)3

Theorem 7.43.

j(τ + 1) = j(τ)

j

(
−1

τ

)
= j(τ)

8 Bessel関数系

8.1 Bessel関数

Definition 8.1.

Jα(x) :=
1

Γ(1 + α)

(z
2

)α
0F1

[
−

1 + α
;−x

2

4

]
Yα(x) :=

Jα(x) cosπα− J−α(x)

sinπα
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Theorem 8.2 (特殊値).

J1/2(x) =

√
2

πx
sinx

J−1/2(x) =

√
2

πx
cosx

Theorem 8.3.

J−n(x) = (−1)nJn(x)

Y−n(x) = (−1)nYn(x)

Theorem 8.4 (微分方程式).(
x2

d2

dx2
+ x

d

dx
+ (x2 − α2)

)
y = 0

Theorem 8.5 (母関数).

e
x
2 (t−

1
t ) =

∞∑
n=−∞

Jn(x)t
n

Theorem 8.6 (級数表示).

Jα(x) =
∑
0≤n

(−1)n

n!Γ(1 + α+ n)

(x
2

)2n+α
Theorem 8.7 (積分表示).

Jα(x) =
1

π

∫ π

0

cos(x sin t− αt) dt

Theorem 8.8.

∞∑
n=−∞

Jn(x) = 1

∞∑
n=−∞

Jn(x)
2 = 1

Theorem 8.9 (加法定理).

Jn(x+ y) =
∞∑

k=−∞

Jk(x)Jn−k(y)
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8.2 Hankel関数

Definition 8.10.

H(1)
α (x) := Jα(x) + iYα(x)

H(2)
α (x) := Jα(x)− iYα(x)

Theorem 8.11.

H(1)
α (x) = − 2i√

π
(2x)αe−iπα+ixU

(
1

2
+ α, 1 + 2α,−2iz

)
H(2)
α (x) =

2i√
π
(2x)αeiπα−ixU

(
1

2
+ α, 1 + 2α, 2iz

)

8.3 変形 Bessel関数

Definition 8.12.

Jα(x) :=
1

Γ(1 + α)

(z
2

)α
0F1

[
−

1 + α
;
x2

4

]
Yα(x) :=

π

2

I−α(x)− Iα(x)

sinπα

Theorem 8.13.

I−n(x) = In(x)

K−α(x) = Kα(x)

Theorem 8.14 (微分方程式).(
x2

d2

dx2
+ x

d

dx
− (x2 + α2)

)
y = 0
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8.4 球 Bessel関数

Definition 8.15.

jα(x) :=

√
π

2x
J1/2+α(x)

yα(x) :=

√
π

2x
Y1/2+α(x)

Theorem 8.16 (微分方程式).(
x2

d2

dx2
+ 2x

d

dx
+ (x2 − α(1 + α))

)
y = 0

Definition 8.17 (球 Hankel関数).

h(1)α (x) := jα(x) + iyα(x)

h(2)α (x) := jα(x)− iyα(x)

8.5 変形球 Bessel関数

Definition 8.18.

iα(x) :=

√
π

2x
I1/2+α(x)

kα(x) :=

√
2

πx
K1/2+α(x)

8.6 Airy関数

Definition 8.19.

Ai(x) :=
1

32/3Γ
(
2
3

) 0F1

[
−
2
3

;
x3

9

]
− x

31/3Γ
(
1
3

) 0F1

[
−
4
3

;
x3

9

]
Bi(x) :=

1

31/6Γ
(
2
3

) 0F1

[
−
2
3

;
x3

9

]
+

31/6x3

Γ
(
1
3

) 0F1

[
−
4
3

;
x3

9

]
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Definition 8.20 (Scorer関数).

Gi(x) := Bi(x)−Hi(x)

Hi(x) :=
2

3
Bi(x) +

x2

2π
1F2

[
1

4
3 ,

5
3

;
x3

9

]
Theorem 8.21 (特殊値).

Ai(0) =
1

32/3Γ
(
2
3

)
Bi(0) =

1

31/6Γ
(
2
3

)
Theorem 8.22 (微分方程式). (

d2

dx2
− x

)
y = 0

Theorem 8.23.

Ai(x) =

√
x

3

(
I−1/3

(
2

3
x3/2

)
− I1/3

(
2

3
x3/2

))
Bi(x) =

√
x

3

(
I−1/3

(
2

3
x3/2

)
+ I1/3

(
2

3
x3/2

))
Theorem 8.24 (Airy積分).∫ ∞

0

cos(t3 + xt) dt =
π
3
√
3
Ai

(
x
3
√
3

)
∫ ∞

0

sin(t3 + xt) dt =
π
3
√
3
Gi

(
x
3
√
3

)
∫ ∞

0

e−t
3+xt dt =

π
3
√
3
Hi

(
x
3
√
3

)

9 積分関数系

9.1 誤差関数

Definition 9.1.

erf x :=
2√
π

∫ x

0

e−z
2

dz

erfcx := 1− erf x
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Theorem 9.2 (特殊値).

erf 0 = 0

erf∞ = 1

Theorem 9.3 (級数表示).

erf x =
2√
π

∑
0≤n

(−1)nx2n+1

n!(2n+ 1)

erf x =
e−x

2

√
π

∑
0≤n

(2x)2n+1

(2n+ 1)!!

Theorem 9.4 (x = ∞における漸近展開).

erf x ∼ 1− e−x
2

√
π

∑
0≤n

(−1)n(2n− 1)!!

2n
x−2n−1

9.2 指数積分

Definition 9.5.

En(x) :=

∫ ∞

1

e−xt

tn
dt

Ei(x) := −E1(x)

Ein(x) :=

∫ x

0

1− e−t

t
dt

Theorem 9.6 (特殊値).

En(0) =
1

n− 1

Theorem 9.7.

Ein(x) = γ + lnx+ E1(x)

Theorem 9.8 (級数表示).

E1(x) = −γ − lnx+
∑
0<n

(−1)n−1

n!n
xn

Theorem 9.9 (微分).

E′
n(x) = −En−1(x)
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9.3 正弦積分

Definition 9.10.

Si(x) :=

∫ x

0

sin t

t
dt

Shi(x) :=

∫ x

0

sinh t

t
dt

Theorem 9.11 (級数表示).

Si(x) =
∑
0≤n

(−1)n

(2n+ 1)(2n+ 1)!
x2n+1

Shi(x) =
∑
0≤n

x2n+1

(2n+ 1)(2n+ 1)!

Theorem 9.12 (微分).

d

dx
Si(x) =

sinx

x
d

dx
Shi(x) =

sinhx

x

9.4 余弦積分

Definition 9.13.

Ci(x) := −
∫ ∞

x

cos t

t
dt

Cin(x) :=

∫ x

0

1− cos t

t
dt

Chi(x) := γ + lnx+

∫ x

0

cosh t− 1

t
dt

Theorem 9.14.

Ci(x) = γ + lnx− Cin(x)

Ci(x) =
Ei(ix) + Ei(−ix)

2
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Theorem 9.15 (級数表示).

Ci(x) = γ + lnx+
∑
0<n

(−1)n

2n(2n)!
x2n

Theorem 9.16 (微分).

d

dx
Ci(x) =

cosx

x
d

dx
Chi(x) =

coshx

x

9.5 対数積分

Definition 9.17. Soldner’s constantを µとして,

lix :=

∫ x

µ

1

ln t
dt

と定義する.

Theorem 9.18 (特殊値).

li 0 = 0

li 1 = −∞
liµ = 0

Theorem 9.19 (微分).
d

dx
lix =

1

lnx

Theorem 9.20.
lix = Ei(lnx)

Theorem 9.21 (級数表示).

lix = γ + ln lnx+
∑
0<n

lnn x

n!n

lix = γ + ln lnx+
√
x
∑
0<n

(−1)n−1 lnn x

2n−1n

⌊(n−1)/2⌋∑
k=0

1

2k + 1
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9.6 不完全ガンマ関数

Definition 9.22.

γ(s, x) =

∫ x

0

ts−1e−x dt

Γ(s, x) =

∫ ∞

x

ts−1e−x dt

Theorem 9.23 (特殊値).

Γ(0, x) = E1(x)

Γ(1, x) = e−x

Γ

(
1

2
, x2
)

=
√
π erfcx

γ

(
1

2
, x2
)

=
√
π erf x

Theorem 9.24 (微分方程式).(
d2

dx2
+

(
1 +

1− s

x

)
d

dx

)
y = 0

Theorem 9.25.

γ(s, x) + Γ(s, x) = Γ(s)

Theorem 9.26.

γ(s, x) =
xse−x

s
M(1, 1 + s, x)

Γ(s, x) = xse−xU(1, 1 + s, x)

9.7 不完全ベータ関数

Definition 9.27.

Bx(a, b) =

∫ x

0

ta−1(1− t)b−1 dt
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Theorem 9.28 (特殊値).

Bx(a, 1) =
xa

a

Bx(1, b) =
1− (1− x)b

b

Bx

(
1

2
, 0

)
= 2artanh

√
x

Bx

(
1

2
,
1

2

)
= 2arcsin

√
x

Theorem 9.29 (関数等式).

Bx(a, b) +B1−x(b, a) = B(a, b)

Bx(a+ 1, b) =
1

a+ b

(
aBx(a, b)− xa(1− x)b

)
Bx(a, b+ 1) =

1

a+ b

(
bBx(a, b) + xa(1− x)b

)

Theorem 9.30.

Bx(a, b) =
1

a
xa(1− x)b2F1

[
1, a+ b
1 + a

;x

]

10 多項式系

10.1 Bernoulli多項式

Definition 10.1.

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!

Bn := Bn(0)
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Theorem 10.2.

B0(0) = 1

B1(x) = x− 1

2

B2(x) = x2 − x+
1

6

B3(x) = x3 − 3

2
x2 +

1

2
x

B4(x) = x4 − 2x3 + x2 − 1

30

B5(x) = x5 − 5

2
x4 +

5

3
x3 − 1

6
x

B6(x) = x6 − 3x5 +
5

2
x4 − 1

2
x2 +

1

42

Theorem 10.3 (明示公式).

Bn(x) =
n∑
k=0

(
n

k

)
Bn−kx

k

Theorem 10.4 (Faulhaber’s formula).

n∑
k=0

kr =
1

r + 1
(Br+1(n+ 1)−Br)

Theorem 10.5.

Bn(1− x) = (−1)nBn(x)

(−1)nBn(x) = Bn(x) + nxn−1

Theorem 10.6 (Fourier級数).

Br(x) = − 2r!

(2π)r

∑
0<n

1

nr
cos
(
2πnx− πr

2

)
Theorem 10.7 (乗法定理).

Br(nx) = nr−1
n−1∑
k=0

Br

(
x+

k

n

)
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10.2 Chebyshev多項式

Definition 10.8.

Tn(cosx) := cosnx

Un(cosx) :=
sin(n+ 1)x

sinx

Theorem 10.9.

T0(x) = 1

T1(x) = x

T2(x) = 2x2 − 1

T3(x) = 4x3 − 3x

T4(x) = 8x4 − 8x2 + 1

T5(x) = 16x5 − 20x3 + 5x

T6(x) = 32x6 − 48x4 + 18x2 − 1

Theorem 10.10.

U0(x) = 1

U1(x) = 2x

U2(x) = 4x2 − 1

U3(x) = 8x3 − 4x

U4(x) = 16x4 − 12x2 + 1

U5(x) = 32x5 − 32x3 + 6x

U6(x) = 64x6 − 80x4 + 24x2 − 1

Theorem 10.11 (母関数).

1− xt

1− 2xt+ t2
=
∑
0≤n

Tn(x)t
n

1− t2

1− 2xt+ t2
= T0(x) + 2

∑
0<n

Tn(x)t
n

1

1− 2xt+ t2
=
∑
0≤n

Un(x)t
n
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Theorem 10.12.

Tn(x) =
x2

2

((
1 +

√
1− 1

x2

)n
+

(√
1− 1

x2

)n)

Tn(x) =
(−1)n

√
π(1− x2)

2nΓ
(
1
2 + n

) dn

dxn
(1− x2)n−1/2

Tn(x) =

⌊n/2⌋∑
k=0

(
n

2k

)
xn−2k(x2 − 1)k

Tn(x) = 2n−1
n−1∏
k=0

(
x− cos

(2k + 1)π

2n

)
Un(x) =

(−1)n(n+ 1)
√
π

2n+1Γ
(
n+ 3

2

)√
1− x2

dn

dxn
(1− x2)n+1/2

Un(x) =

⌊n/2⌋∑
k=0

(−1)k
(
n− k

k

)
(2x)n−2k

Un(x) = 2n
n∏
k=1

(
x− cos

πk

n+ 1

)
Theorem 10.13.

Tn(x) = 2F1

[
−n, n

1
2

;
1− x

2

]
Un(x) = (n+ 1) 2F1

[
−n, n+ 2

3
2

;
1− x

2

]
Theorem 10.14 (直交性).∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx =

{
π
2 δn,m, n ̸= 0, m ̸= 0

π, n = m = 0

Theorem 10.15 (漸化式).

Tn+1(x) = 2xTn(x)− Tn−1(x)

Tn+1(x) = xTn(x)−
√

(1− x2)(1− Tn(x)2)

(x− 1)(T2n+1(x)− 1) = (Tn+1(x)− Tn(x))
2

2(x2 − 1)(T2n(x)− 1) = (Tn+1(x)− Tn−1(x))
2
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10.3 Legendre多項式

Definition 10.16.

Pn(x) :=
1

2nn!

dn

dxn
(x2 − 1)n

Theorem 10.17 (母関数).

1√
1− 2xt+ t2

=
∑
0≤n

Pn(x)t
n

extJ0

(
t
√
1− x2

)
=
∑
0≤n

Pn(x)

n!
tn

Theorem 10.18.

Pn(x) =
1

2n

⌊n/2⌋∑
k=0

(−1)k
(
n

k

)(
2n− 2k

n

)
xn−2k

Pn(x) =
1

2n

n∑
k=0

(
n

k

)2

(x− 1)k(x+ 1)n−k

Theorem 10.19.

Pn(x) =

(
x− 1

2

)n
2F1

[
−n,−n

1
;−1 + x

1− x

]
Pn(x) =

(
2n

n

)(x
2

)n
2F1

[
−n

2 ,
1−n
2

1
2 − n

;
1

x2

]
Pn(x) = 2F1

[
−n, n+ 1

1
;
1− x

2

]
Theorem 10.20 (漸化式).

(n+ 1)Pn+1(x)− (2n+ 1)xPn(x) + nPn−1(x) = 0

(1− x2)P ′
n(x) + nxPn(x)− nPn−1(x) = 0

10.4 Hermite多項式

Definition 10.21.

Hn(x) := (−1)nex
2 dn

dxn
e−x

2
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Theorem 10.22.

H0(x) = 1

H1(x) = 2x

H2(x) = 4x2 − 2

H3(x) = 8x3 − 12x

H4(x) = 16x4 − 48x2 + 12

H5(x) = 32x5 − 160x3 + 120x

H6(x) = 64x6 − 480x4 + 720x2 − 120

H7(x) = 128x7 − 1344x5 + 3360x3 − 1680x

Theorem 10.23 (母関数).

e2xt−t
2

=
∑
0≤n

Hn(x)

n!
tn

Theorem 10.24 (直交性).∫ ∞

−∞
Hn(x)Hm(x)e−x

2

dx = 2nn!
√
πδn,m

Theorem 10.25 (漸化式).

Hn+1(x)− 2xHn(x) + 2nHn−1(x)

H ′
n(x) = 2nHn−1(x)

Theorem 10.26 (加法定理).

2n/2Hn

(
x+ y

2

)
=

n∑
k=0

(
n

k

)
Hk(x)Hn−k(y)

Hn(x+ y) =

n∑
k=0

(
n

k

)
Hk(x)(2y)

n−k

Theorem 10.27.

H2n(x) = (−1)n2n(2n− 1)!! 1F1

[
−n
1
2

;x2
]

H2n+1(x) = (−1)n2n+1(2n+ 1)!!x 1F1

[
−n
3
2

;x2
]
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10.5 Laguerre多項式

Definition 10.28.

Ln(x) :=
ex

n!

dn

dxn
xne−x

Theorem 10.29.

L0(x) = 1

L1(x) = 1− x

L2(x) = 1− 2x+
1

2
x2

L3(x) = 1− 3x+
3

2
x2 − x3

6

Theorem 10.30.

Ln(x) =
n∑
k=0

(−1)k

k!

(
n

k

)
xk

Theorem 10.31 (漸化式).

(n+ 1)Ln+1(x)− (2n− x+ 1)Ln(x) + nLn−1(x) = 0

xL′
n(x)− nLn(x) + nLn−1(x)

10.6 Jacobi多項式

Definition 10.32.

P (α,β)
n (x) =

(−1)n

2nn!
(1− x)−α(1 + x)−β

dn

dxn
(
(1− x)α+n(1 + x)β+n

)
Theorem 10.33.

P
(α,β)
0 (x) = 1

P
(α,β)
1 (x) = 1 + α− 1

2
(2 + α+ β) (1− x)

P
(α,β)
2 (x) =

2 + α

2
(1 + α− (3 + α+ β)(1− x)) +

1

8
(3 + α+ β)(4 + α+ β)(1− x)2
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Theorem 10.34.

P (α,β)
n (x) =

(
n+ α

n

)
2F1

[
−n, 1 + n+ α+ β

1 + α
;
1− x

2

]
P (α,β)
n (x) =

(
n+ α

n

)(
1 + x

2

)n
2F1

[
−n,−n− β

1 + α
;−1− x

1 + x

]

10.7 Gegenbauer多項式

Definition 10.35.

C(α)
n (x) :=

(2α)n(
1
2 + α

)
n

P (α−1/2,α−1/2)
n (x)

Theorem 10.36.

C
(α)
0 (x) = 1

C
(α)
1 (x) = 2αx

C
(α)
2 (x) = 2α(1 + α)x2 − α

C
(α)
3 (x) =

4

3
α(1 + α)(2 + α)x3 − 2α(1 + α)x

Theorem 10.37 (母関数).

1

(1− 2xt+ t2)α
=
∑
0≤n

C(α)
n (x)tn

Theorem 10.38 (漸化式).

nC(α)
n (x)− 2(n+ α− 1)xC

(α)
n−1(x) + (n+ 2α− 2)C

(α)
n−2(x) = 0

Theorem 10.39.

C(α)
n (x) =

(
n+ 2α− 1

n

)
2F1

[
−n, n+ 2α

1
2 + α

;
1− x

2

]
C(α)
n (x) = 2n

(
n+ α− 1

n

)
(x− 1)n 2F1

[
−n, 12 − n− α
1− 2n− 2α

;
2

1− x

]
C(α)
n (x) =

(
n+ 2α− 1

n

)(
1 + x

2

)n
2F1

[
−n, 12 − n− α

1
2 + α

;−1− x

1 + x

]
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11 超幾何関数系

11.1 Pochhammer記号

Definition 11.1.

(a)0 = 1, (a)n =

n−1∏
k=0

(a+ k), (a)−n =
1∏n

k=1(a− k)

と定義する.また,
(a1, . . . , ar)n = (a1)n · · · (ar)n

と略記する.

Theorem 11.2.

(a)n = (−1)n(1− n− a)n

(a)−n =
(−1)n

(1− a)n

(a)n−k =
(−1)k(a)n
(1− n− a)k

(a)n+k = (a)n(a+ n)k

(a)2n = 22n
(a
2

)
n

(
1 + a

2

)
n

(a+ 1)n
(a)n

=
a+ n

a

(−n)k =
(−1)kn!

(n− k)!

Theorem 11.3.
r∑

k=1

ak =
r∑

k=1

bk

ならば、

lim
n→∞

(a1, . . . , ar)n
(b1, . . . , br)n

=

r∏
k=1

Γ(bk)

Γ(ak)
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11.2 合流型超幾何関数

Definition 11.4.

M(a, b, x) := 1F1

[
a
b
;x

]
U(a, b, x) :=

Γ(1− b)

Γ(1 + a− b)
M(a, b;x) +

Γ(b− 1)

Γ(a)
z1−bM(1 + a− b, 2− b, x)

Theorem 11.5 (特殊値).

M(0, b, x) = 1

U(0, c, x) = 1

M(a, a, x) = ex

Theorem 11.6 (微分方程式).(
x
d2

dx2
+ (b− x)

d

dx
− a

)
y = 0

Theorem 11.7 (積分表示).

M(a, b, x) =
Γ(b)

Γ(a)Γ(b− a)

∫ 1

0

ta−1(1− t)b−a−1ext dt

U(a, b, x) =
1

Γ(a)

∫ ∞

0

ta−1(1 + t)b−a−1e−xt dt

Theorem 11.8.

M(a, 2a, x) =
(x
4

)1/2−a
ex/2Γ

(
1

2
+ a

)
Ia−1/2

(x
2

)
U(a, 2a, x) =

x1/2−aex/2√
π

Ka−1/2

(x
2

)

11.3 Whittaker関数

Definition 11.9.

Ma,b(x) := x1/2+be−x/2M

(
1

2
− a+ b, 1 + 2b, x

)
Wa,b(x) := x1/2+be−x/2U

(
1

2
− a+ b, 1 + 2b, x

)
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Theorem 11.10 (微分方程式).(
d2

dx2
− 1

4
+
a

x
+

1− 4b2

4x2

)
y = 0

11.4 Gaussの超幾何関数

Definition 11.11.

rFs

[
a1, . . . , ar
b1, . . . , bs

;x

]
:=
∑
0≤n

(a1, . . . , ar)n
(b1, . . . , bs)nn!

xn

Theorem 11.12.

ex = 0F0

[
−
−;x

]
sinhx = x 0F1

[
−
3
2

;
x2

4

]
coshx = 0F1

[
−
1
2

;
x2

4

]
sinx = x 0F1

[
−
3
2

;−x
2

4

]
cosx = 0F1

[
−
1
2

;−x
2

4

]
ln(1 + x) = x 2F1

[
1, 1
2
;−x

]
arcsinx = x 2F1

[
1
2 ,

1
2

3
2

;x2
]

arctanx = x 2F1

[
1, 12
3
2

;−x2
]

K(k) =
π

2
2F1

[
1
2 ,

1
2

1
; k2
]

E(k) =
π

2
2F1

[
1
2 ,−

1
2

1
; k2
]

Theorem 11.13 (二項定理).

1F0

[
a
−;x

]
= (1− x)−a
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Theorem 11.14 (Vandermondeの恒等式).

2F1

[
a,−n
b

; 1

]
=

(b− a)n
(b)n

r∑
k=0

(
n

k

)(
m

r − k

)
=

(
n+m

r

)
Theorem 11.15 (Gaussの超幾何定理).

2F1

[
a, b
c
; 1

]
=

Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)

Theorem 11.16.

2F1

[
−n

2 ,
1−n
2

1
2 + a

; 1

]
=

2n(a)n
(2a)n

Theorem 11.17 (Kummerの定理).

2F1

[
a, b

1 + a− b
;−1

]
=

Γ
(
1 + a

2

)
Γ (1 + a− b)

Γ(1 + a)Γ
(
1 + a

2 − b
)

Theorem 11.18 (x = 1
2 における特殊値).

2F1

[
a, b

1+a+b
2

;
1

2

]
=

√
πΓ
(
1+a+b

2

)
Γ
(
1+a
2

)
Γ
(
1+b
2

)
2F1

[
a, 1− a

b
;
1

2

]
=

Γ
(
b
2

)
Γ
(
1+b
2

)
Γ
(
a+b
2

)
Γ
(
1+b−a

2

)
Theorem 11.19 (Euler積分表示).

2F1

[
a, b
c
;x

]
=

Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− xt)−a dt

Theorem 11.20 (Pfaff’s transformation).

2F1

[
a, b
c
;x

]
= (1− x)−a 2F1

[
a, c− b

c
;− x

1− x

]
Theorem 11.21 (Euler’s ransformation).

2F1

[
a, b
c
;x

]
= (1− x)c−a−b 2F1

[
c− a, c− b

c
;x

]
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Theorem 11.22 (Quadratic transformation).

2F1

[
a, b
2b

; 2x

]
= (1− x)−a 2F1

[
a
2 ,

1+a
2

1
2 + b

;
x2

(1− x)2

]
2F1

[
a, b

1 + a− b
;x

]
= (1− x)−a 2F1

[
a
2 ,

1+a
2 − b

1 + a− b
;− 4x

(1− x)2

]
2F1

[
2a, 2b

1
2 + a+ b

; =

]
2F1

[
a, b

1
2 + a+ b

; 4x(1− x)

]
,

(
Rx ≤ 1

2

)
2F1

[
a, b

1 + a− b
;x

]
= (1 + x)−a 2F1

[
a
2 ,

1+a
2

1 + a− b
;

4x

(1 + x)2

]
2F1

[
a
2 ,

1+a
2

1 + a− b
;x

]
=

(
2

1 +
√
1− x

)a
2F1

[
a, b

1 + a− b
;
1−

√
1− x

1 +
√
1 + x

]
2F1

[
a, b
2b

;
4x

(1 + x)2

]
= (1 + x)2a 2F1

[
a, 12 + a− b

1
2 + b

;x2
]

2F1

[
a, b
2b

;x

]
=

(
2

1 +
√
1− x

)2a

2F1

[
a, 12 + a− b

1
2 + b

;

(
1−

√
1− x

1 +
√
1− x

)2
]

Theorem 11.23.

2F1

[
a, 12 + a

2a
;x

]
=

1√
1− x

(
2

1 +
√
1− x

)2a−1

2F1

[
a, 12 + a
1 + 2a

;x

]
=

(
2

1 +
√
1− x

)2a

11.5 一般化された超幾何関数

Theorem 11.24 (Euler積分表示).

r+1Fs+1

[
a1, . . . , ar, a
b1, . . . , bs, b

;x

]
=

Γ(b)

Γ(a)Γ(b− a)

∫ 1

0

ta−1(1− t)b−a−1
rFs

[
a1, . . . , ar
b1, . . . , bs

;xt

]
dt

Theorem 11.25 (Saalschützの和公式).

3F2

[
a, b,−n

c, 1− n+ a+ b− c
; 1

]
=

(c− a, c− b)n
(c, c− a− b)n

Theorem 11.26 (Dixonの恒等式).

3F2

[
a, b, c

1 + a− b, 1 + a− c
; 1

]
=

Γ
(
1 + a

2

)
Γ(1 + a− b)Γ(1 + a− c)Γ

(
1 + a

2 − b− c
)

Γ(1 + a)Γ
(
1 + a

2 − b
)
Γ
(
1 + a

2 − c
)
Γ(1 + a− b− c)∑

n∈Z

(−1)n
(
a+ b

a+ n

)(
b+ c

b+ n

)(
c+ a

c+ n

)
=

(a+ b+ c)!

a!b!c!
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Theorem 11.27.

3F2

[
a, 1 + a

2 ,−n
a
2 , w

; 1

]
=

(w − a− n− 1)(w − a)n−1

(w)n

3F2

[
a, b,−n

1 + a− b, 1 + 2b− n
; 1

]
=

(
a− 2b, 1 + a

2 − b,−b
)
n(

1 + a− b, a2 − b,−2b
)
n

Theorem 11.28. 2 + a+ b = c+ dとしたとき,

3F2

[
1, a, b
c, d

; 1

]
=

1

(c− a− 1)(c− b− 1)

Γ(c)Γ(d)

Γ(a)Γ(b)
− (1− c)(1− d)

(c− a− 1)(c− b− 1)

Theorem 11.29.

4F3

[
a, 1 + a

2 , b, c
a
2 , 1 + a− b, 1 + a− c

; 1

]
=

Γ(1 + a− b)Γ(1 + a− c)Γ
(
1+a
2

)
Γ
(
1+a
2 − b− c

)
Γ(1 + a)Γ(1 + a− b− c)Γ

(
1+a
2 − b

)
Γ
(
1+a
2 − c

)
4F3

[
a, 1 + a

2 , b, c
a
2 , 1 + a− b, 1 + a− c

;−1

]
=

Γ(1 + a− b)Γ(1 + a− c)

Γ(1 + a)Γ(1 + a− b− c)

Theorem 11.30.

4F3

[
a, 1 + a

2 , b,−n
a
2 , 1 + a− b, 1 + 2b− n

; 1

]
=

(a− 2b,−b)n
(1 + a− b,−2b)n

4F3

[
a, 1 + a

2 , b,−n
a
2 , 1 + a− b, 2 + 2b− n

; 1

]
=

(
a− 2b− 1, 1+a2 − b,−1− b

)
n(

1 + a− b, a−1
2 − b,−1− 2b

)
n

Theorem 11.31 (Clausen’s formula). 1
2 = b+ c+ d+ nとしたとき,

4F3

[
−n, b, c, d

1− n− b, 1− n− c, 1− n− d
; 1

]
=

(2b, 2c, b+ c)n
(b, c, 2b+ 2c)n

3
2 = b+ c+ d+ nとしたとき,

4F3

[
−n, b, c, d

1− n− b, 1− n− c, 2− n− d
; 1

]
=

(
2b, 2c, b+ c− 1

2 , b+ c
)
n(

b, c, 12 + b+ c, 2b+ 2c− 1
)
n

Theorem 11.32.

5F4

[
a, 1 + a

2 , b, c, d
a
2 , 1 + a− b, 1 + a− c, 1 + a− d

; 1

]
=

Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− b− c− d)

Γ(1 + a)Γ(1 + a− b− c)Γ(1 + a− b− d)Γ(1 + a− c− d)
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Theorem 11.33 (Dougallの和公式). 1 + 2a+ n = b+ c+ d+ eとしたとき,

7F6

[
a, 1 + a

2 , b, c, d, e,−n
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a+ n

; 1

]
=

(1 + a, 1 + a− b− c, 1 + a− b− d, 1 + a− c− d)n
(1 + a− b, 1 + a− c, 1 + a− d, 1 + a− b− c− d)n

Theorem 11.34 (Karlsson-Mintonの和公式). ni を正整数として,

r∑
k=1

nk < 1 + a

のとき,

r+2Fr+1

[
−a, b, c1 + n1, . . . , cr +mr

1 + b, c1, . . . , cr
; 1

]
=

Γ(1 + a)Γ(1 + b)

Γ(1 + a+ b)

r∏
k=1

(ck − b)nk

(ck)nk

Theorem 11.35 (Kummer’s transformation).

1F1

[
a
b
;x

]
= ex1F1

[
b− a
b

;−x
]

Theorem 11.36.

1F1

[
a
2a

; 2x

]
= ex0F1

[
−

1
2 + a

;
x2

4

]
Theorem 11.37.

3F2

[
a, b,−n
c, d

; 1

]
=

(d− a)n
(d)n

3F2

[
a, c− b,−n

c, 1− n+ a− d
; 1

]

Theorem 11.38.

3F2

[
a, b, c

1 + a− b, 1 + a− c
;−1

]
= 2−a 3F2

[
1 + a− b− c, a2 ,

1+a
2

1 + a− b, 1 + a− c
; 1

]
Theorem 11.39.

3F2

[
a, b,−n

1 + a− b, w
; 1

]
=

(w − a)n
(w)n

4F3

[
a
2 ,

1+a
2 − b, 1 + a− w,−n

1 + a− b, 1+a−w−n
2 , 1 + a−w−n

2

; 1

]
3F2

[
a, b,−n

1 + a− b, w
;−1

]
=

(w − a)n
(w)n

4F3

[
a
2 ,

1+a
2 , 1 + a− w,−n

1 + a− b, 1+a−w−n
2 , 1 + a−w−n

2

; 1

]
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Theorem 11.40.

3F2

[
a, b, c

w − b, w − c
;−1

]
=

Γ(w − b)Γ(w − c)

Γ(w)Γ(w − b− c)
4F3

[
w−a
2 , 1+w−a

2 , b, c
w − a, w2 ,

1+w
2

; 1

]
Theorem 11.41 (Non-terminating Saalschützの和公式). 1 + a+ b+ c = d+ eとし

たとき,

3F2

[
a, b, c
d, e

; 1

]
=

Γ(e)Γ(1 + a− d)Γ(1 + b− d)Γ(1 + c− d)

Γ(e− a)Γ(e− b)Γ(e− c)Γ(1− d)

− Γ(e)Γ(1 + a− d)Γ(1 + b− d)Γ(1 + c− d)Γ(d− 1)

Γ(a)Γ(b)Γ(c)Γ(1 + e− d)Γ(1− d)

× 3F2

[
1 + a− d, 1 + b− d, 1 + c− d

2− d, 1 + e− d
; 1

]
Theorem 11.42 (Quadratic transformation).

3F2

[
a, b, c

1 + a− b, 1 + a− c
;x

]
= (1− x)−a 3F2

[
1 + a− b− c, a2 ,

1+a
2

1 + a− b, 1 + a− c
;− 4x

(1− x)2

]
Theorem 11.43 (Whipple’s transformation). 1 + a + b + c = d + e + f + n とした

とき,

4F3

[
a, b, c,−n
d, e, f

; 1

]
=

(e− a, f − a)n
(e, f)n

4F3

[
a, d− b, d− c,−n

d, 1− n+ a− e, 1− n+ a− f
; 1

]
Theorem 11.44.

4F3

[
a, b, c, d

1 + a− b, 1 + a− c, 1 + a− d
;−1

]
=

Γ
(
1 + a

2

)
Γ(1 + a− d)

Γ(1 + a)Γ
(
1 + a

2 − d
) 3F2

[
1 + a− b− c, a2 , d
1 + a− b, 1 + a− c

; 1

]
Theorem 11.45.

4F3

[
a, b, c,−n

1 + a− b, 1 + a− c, w
; 1

]
=

(w − a)n
(w)n

5F4

[
1 + a− b− c, a2 ,

1+a
2 , 1 + a− w,−n

1 + a− b, 1 + a− c, 1+a−w−n
2 , 1 + a−w−n

2

; 1

]
4F3

[
a, 1 + a

2 , b,−n
a
2 , 1 + a− b, w

; 1

]
=

(w − a)n
(w)n

4F3

[
a
2 − b, 1+a2 , 1 + a− w,−n

1 + a− b, 1+a−w−n
2 , 1 + a−w−n

2

; 1

]
4F3

[
−n, b, c, d

1− n− b, 1− n− c, w
; 1

]
=

(w − d)n
(w)n

5F4

[
d, 1− n− b− c, 1− n− w,−n

2 ,
1−n
2

1− n− b, 1− n− c, 1+d−w−n
2 , 1 + d−w−n

2

; 1

]
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Theorem 11.46.

4F3

[
a, b, c,−n

w − b, w − c, w + n
; 1

]
=

(w,w − b− c)n
(w − b, w − c)n

5F4

[
w−a
2 , 1+w−a

2 , b, c,−n
w − a, w2 ,

1+w
2 , 1− n+ b+ c− w

; 1

]
4F3

[
a, 1 + w

2 , b, c
w
2 , 1 + w − b, 1 + w − c

;−1

]
=

Γ(1 + w − b)Γ(1 + w − c)

Γ(1 + w)Γ(1 + w − b− c)
4F3

[
w−a
2 , 1+w−a

2 , b, c
1 + w − a, w2 ,

1+w
2

; 1

]
Theorem 11.47 (Quadratic transformation).

4F3

[
a, 1 + a

2 , b, c
a
2 , 1 + a− b, 1 + a− c

;x

]
=

1 + x

(1− x)1+a
3F2

[
1 + a− b− c, 1+a2 , 1 + a

2
1 + a− b, 1 + a− c

;− 4x

(1− x)2

]
Theorem 11.48.

5F4

[
a, b, c, d,−n

1 + a− b, 1 + a− c, 1 + a− d, 1 + a+ n
; 1

]
=

(
1 + a, 1 + a

2 − d
)
n(

1 + a
2 , 1 + a− d

)
n

4F3

[
1 + a− b− c, a2 , d,−n

1 + a− b, 1 + a− c, d− n− a
2

; 1

]
Theorem 11.49.

5F4

[
a, 1 + a

2 , b, c,−n
a
2 , 1 + a− b, 1 + a− c, w

; 1

]
=

(w − a− n− 1)(w − a)n−1

(w)n
5F4

[
1 + a− b− c, 1+a2 , 1 + a

2 , 1 + a− w − n
1 + a− b, 1 + a− c, 1 + a−w−n

2 , 1 + 1+a−w−n
2

; 1

]
Theorem 11.50. λ = 1 + 2a− b− c− dとしたとき,

5F4

[
a, b, c, d,−n

1 + a− b, 1 + a− c, 1 + a− d, 2a− 2λ− n
; 1

]
=

(1 + λ− a, 1 + 2λ− a)n
(1 + λ, 1 + 2λ− 2a)n

× 9F8

[
λ, 1 + λ

2 ,
a
2 ,

1+a
2 , b+ λ− a, c+ λ− a, d+ λ− a, 1 + 2λ− a+ n,−n

λ
2 , λ+ 1−a

2 , 1 + λ− a
2 , 1 + a− b, 1 + a− c, 1 + a− d, a− λ− n, 1 + λ+ n

; 1

]
5F4

[
a, b, c, d,−n

1 + a− b, 1 + a− c, 1 + a− d, 1 + 2a− 2λ− n
; 1

]
=

(λ− a)n(1 + 2λ− a)n−1(2λ+ 2n− a)

(1 + λ, 2λ− 2a)n

× 9F8

[
λ, 1 + λ

2 ,
a
2 ,

1+a
2 , b+ λ− a, c+ λ− a, d+ λ− a, 2λ− a+ n,−n

λ
2 , λ+ 1−a

2 , 1 + λ− a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− λ− n, 1 + λ+ n

; 1

]
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Theorem 11.51.

5F4

[
a, 1 + w

2 , b, c,−n
w
2 , 1 + w − b, 1 + w − c, 1 + w + n

; 1

]
=

(1 + w, 1 + w − b− c)n
(1 + w − b, 1 + w − c)n

5F4

[
w−a
2 , 1+w−a

2 , b, c,−n
1 + w − a, w2 ,

1+w
2 , b+ c− w − n

; 1

]
Theorem 11.52.

6F5

[
a, 1 + a

2 , b, c, d, e
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e

;−1

]
=

Γ(1 + a− d)Γ(1 + a− e)

Γ(1 + a)Γ(1 + a− d− e)
3F2

[
1 + a− b− c, d, e
1 + a− b, 1 + a− c

; 1

]
Theorem 11.53. λ = 1 + 2a− b− c− dとしたとき,

6F5

[
a, 1 + a

2 , b, c, d,−n
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + 2a− 2λ− n

; 1

]
=

(λ− a, 2λ− a)n
(1 + λ, 2λ− 2a)n

× 9F8

[
λ, 1 + λ

2 ,
1+a
2 , 1 + a

2 , , b+ λ− a, c+ λ− a, d+ λ− a, 2λ− a+ n,−n
λ
2 , λ− a

2 , λ+ 1−a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− λ− n, 1 + λ+ n

; 1

]
6F5

[
a, 1 + a

2 , b, c, d,−n
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 2 + 2a− 2λ− n

; 1

]
=

(λ− a− 1)n(2λ− a)n−1(2λ+ 2n− a− 1)n
(1 + λ, 2λ− 2a− 1)n

× 9F8

[
λ, 1 + λ

2 ,
1+a
2 , 1 + a

2 , , b+ λ− a, c+ λ− a, d+ λ− a, 2λ− a+ n− 1,−n
λ
2 , λ− a

2 , λ+ 1−a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 2 + a− λ− n, 1 + λ+ n

; 1

]
Theorem 11.54 (Whipple’s transformation).

7F6

[
a, 1 + a

2 , b, c, d, e,−n
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a+ n

; 1

]
=

(1 + a, 1 + a− d− e)n
(1 + a− d, 1 + a− e)n

4F3

[
1 + a− b− c, d, e,−n

1 + a− b, 1 + a− c, d+ e− n− a
; 1

]
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Theorem 11.55 (Non-terminating Whipple’s transformation).

7F6

[
a, 1 + a

2 , b, c, d, e, f
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a− f

; 1

]
=

Γ(1 + a− d)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− d− e− f)

Γ(1 + a)Γ(1 + a− d− e)Γ(1 + a− d− f)Γ(1 + a− e− f)

× 4F3

[
1 + a− b− c, d, e, f

1 + a− b, 1 + a− c, d+ e+ f − a
; 1

]
+

Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− e)Γ(1 + a− f)

Γ(1 + a)Γ(1 + a− b− c)Γ(d)Γ(e)Γ(f)

× Γ(2 + 2a− b− c− d− e− f)Γ(d+ e+ f − a− 1)

Γ(2 + 2a− b− d− e− f)Γ(2 + 2a− c− d− e− f)

× 4F3

[
2 + 2a− b− c− d− e− f, 1 + a− d− e, 1 + a− d− f, 1 + a− e− f

2 + a− d− e− f, 2 + 2a− b− d− e− f, 2 + 2a− c− d− e− f
; 1

]
Theorem 11.56.

λ = 1 + 2a− b− c− d, 2 + 3a+ n = b+ c+ d+ e+ f + g

としたとき,

9F8

[
a, 1 + a

2 , b, c, d, e, f, g,−n
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a− f, 1 + a− g, 1 + a+ n

; 1

]
=

(1 + a, 1 + λ− e, 1 + λ− f, 1 + λ− g)n
(1 + λ, 1 + a− e, 1 + a− f, 1 + a− g)n

× 9F8

[
λ, 1 + λ

2 , b+ λ− a, c+ λ− a, d+ λ− a, e, f, g,−n
λ
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + λ− e, 1 + λ− f, 1 + λ− g, 1 + λ+ n

; 1

]
Theorem 11.57 (Expansion formula).

r+4Fr+3

[
a, b, c, a1, . . . , ar,−n

1 + a− b, 1 + a− c, b1, . . . , br+1
;x

]
=

n∑
k=0

(1 + a− b− c, a1, . . . , ar,−n)k(a)2k
(1 + a− b, 1 + a− c, b1, . . . , br+1)kk!

(−x)k

× r+2Fr+1

[
a+ 2k, a1 + k, . . . , ar + k, k − n

b1 + k, . . . , br+1 + k
;x

]
Theorem 11.58.

0F1

[
−
a
;x

]
0F1

[
−
b
;x

]
= 2F3

[
a+b−1

2 , a+b2
a, b, a+ b− 1

; 4x

]
0F1

[
−
a
;x

]
0F1

[
−
a
;−x

]
= 0F3

[
−

a, a2 ,
1+a
2

;−x
2

4

]
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Theorem 11.59.

1F1

[
a
b
;x

]
1F1

[
a
b
;−x

]
= 2F3

[
a, b− a
b, b2 ,

1+b
2

;
x2

4

]
1F1

[
a
2a

;x

]2
= ex1F2

[
a

2a, 12 + a
;
x2

4

]
Theorem 11.60.

0F2

[
−
a, b

;x

]
0F2

[
−
a, b

;−x
]
=
∑
0≤n

(−1)n(a+ b− 1)n
(a, b)n(a, b, a+ b− 1)2nn!

x2n

Theorem 11.61 (Clausen’s formula).

2F1

[
a, b

1
2 + a+ b

;x

]2
= 3F2

[
2a, 2b, a+ b

1
2 + a+ b, 2a+ 2b

;x

]
2F1

[
a, b

1
2 + a+ b

;x

]
2F1

[
a, b

a+ b− 1
2

;x

]
= 3F2

[
2a, 2b, a+ b

1
2 + a+ b, 2a+ 2b− 1

;x

]
2F1

[
a, b

a+ b− 1
2

;x

]
2F1

[
a, b− 1
a+ b− 1

2

;x

]
= 3F2

[
2a, 2b− 1, a+ b− 1
a+ b− 1

2 , 2a+ 2b− 2
;x

]
2F1

[
a, b

1+a+b
2

;x

]2
= 3F2

[
a, b, a+b2

a+ b, 1+a+b2

; 4x(1− x)

]
,

(
Rx ≤ 1

2

)

11.6 Bilateral超幾何級数

Definition 11.62.

rHr

[
a1, . . . , ar
b1, . . . , br

;x

]
:=

∞∑
n=−∞

(a1, . . . , ar)n
(b1, . . . , br)n

xn

Theorem 11.63.

1H1

[
a
c
; 1

]
= 0

Theorem 11.64 (Dougallの和公式).

2H2

[
a, b
c, d

; 1

]
=

Γ(c)Γ(d)Γ(1− a)Γ(1− b)Γ(c+ d− a− b− 1)

Γ(c− a)Γ(c− b)Γ(d− a)Γ(d− b)

Theorem 11.65 (Baileyの和公式).

λ =
(f − a)(f − b)− (1 + f − c)(1 + f − d)

f
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としたとき,

3H3

[
a, b, 1 + f
c, d, f

; 1

]
= λ

Γ(c)Γ(d)Γ(1− a)Γ(1− b)Γ(c+ d− a− b− 2)

Γ(c− a)Γ(c− b)Γ(d− a)Γ(d− b)

Theorem 11.66.

3H3

[
b, c, d

1 + a− b, 1 + a− c, 1 + a− d
; 1

]
= cos

πa

2

Γ(1− b)Γ(1− c)Γ(1− d)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)

Γ(1 + a− b− c)Γ(1 + a− b− d)Γ(1 + a− c− d)

×
Γ
(
1 + 3a

2 − b− c− d
)

Γ
(
1 + a

2 − b
)
Γ
(
1 + a

2 − c
)
Γ
(
1 + a

2 − d
)

Theorem 11.67.

4H4

[
1 + a

2 , b, c, d
a
2 , 1 + a− b, 1 + a− c, 1 + a− d

; 1

]
=

2

a
sin

πa

2

Γ(1− b)Γ(1− c)Γ(1− d)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)

Γ(1 + a− b− c)Γ(1 + a− b− d)Γ(1 + a− c− d)

×
Γ
(
1+3a

2 − b− c− d
)

Γ
(
1+a
2 − b

)
Γ
(
1+a
2 − c

)
Γ
(
1+a
2 − d

)
4H4

[
1 + a

2 , b, c, d
a
2 , 1 + a− b, 1 + a− c, 1 + a− d

;−1

]
=

sinπa

πa

Γ(1− b)Γ(1− c)Γ(1− d)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)

Γ(1 + a− b− c)Γ(1 + a− b− d)Γ(1 + a− c− d)

Theorem 11.68.

5H5

[
1 + a

2 , b, c, d, e
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e

; 1

]
=

sinπa

πa

Γ(1− b)Γ(1− c)Γ(1− d)Γ(1− e)

Γ(1 + a− b− c)Γ(1 + a− b− d)

× Γ(1 + a− b)Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− e)Γ(1 + 2a− b− c− d− e)

Γ(1 + a− b− e)Γ(1 + a− c− d)Γ(1 + a− c− e)Γ(1 + a− d− e)
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Theorem 11.69.

6H6

[
1 + a

2 , b, c, d, e, f
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a− f

;−1

]
=

sinπa

πa

Γ(1− b)Γ(1− c)Γ(1 + a− d)Γ(1 + a− e)Γ(1 + a− f)

Γ(1 + a− b− c)

×
(

Γ(1 + a− d− e− f)

Γ(1 + a− d− e)Γ(1 + a− d− f)Γ(1 + a− e− f)

×3H3

[
d, e, f

1 + a− b, 1 + a− c, d+ e+ f − a
; 1

]
+

π

sinπ(d+ e+ f − a)

Γ(1 + a− b)Γ(1 + a− c)

Γ(d)Γ(e)Γ(f)

× 1

Γ(2 + 2a− b− d− e− f)Γ(2 + 2a− c− d− e− f)

×3F2

[
1 + a− d− e, 1 + a− d− f, 1 + a− e− f

2 + 2a− b− d− e− f, 2 + 2a− c− d− e− f
; 1

])

11.7 Appell級数

Definition 11.70.

F1

[
a; b1, b2

c
;x, y

]
:=

∑
0≤n,m

(a)n+m(b1)n(b2)m
(c)n+mn!m!

xnym

F2

[
a; b1, b2
c1, c2

;x, y

]
:=

∑
0≤n,m

(a)n+m(b1)n(b2)m
(c1)n(c2)mn!m!

xnym

F3

[
a1, a2; b1, b2

c
;x, y

]
:=

∑
0≤n,m

(a1, b1)n(b1, b2)m
(c)n+mn!m!

xnym

F4

[
a, b
c1, c2

;x, y

]
:=

∑
0≤n,m

(a, b)n+m
(c1)n(c2)mn!m!

xnym

Theorem 11.71.

F1

[
a; b, b

1 + a− b
; e2πi/3, e−2πi/3

]
=

Γ
(
1 + a

3

)
Γ(1 + a− b)

Γ(1 + a)Γ
(
1 + a

3 − b
)

F1

[
1− a; a, a

b
;
eiπ/6√

3
,
e−iπ/6√

3

]
= 3a

Γ(b)Γ
(
2+a+b

3

)
Γ(a+ b)Γ

(
2−2a+b

3

)
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Theorem 11.72.

F1

[
a; b1, b2

c
;x, x

]
= 2F1

[
a, b1 + b2

c
;x

]
F1

[
a; b1, b2

c
; 1, x

]
=

Γ(c)Γ(c− a− b1)

Γ(c− a)Γ(c− b1)
2F1

[
a, b2
c− b1

;x

]
F1

[
a; b, c− b

c
;x, y

]
= (1− y)−a2F1

[
a, b
c
;
x− y

1− y

]
Theorem 11.73.

F3

[
a, c− a; b, c− b

c
;x, y

]
= (1− y)a+b−c2F1

[
a, b
c
;x+ y − xy

]
Theorem 11.74.

F4

[
a, b
c1, c2

;x, x

]
= 4F3

[
a, b, c1+c2−1

2 , c1+c22
c1, c2, c1 + c2 − 1

; 4x

]
Theorem 11.75 (積分表示).

F1

[
a; b1, b2

c
;x, y

]
=

Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

ta−1(1− t)c−a−1(1− xt)−b1(1− xt)−b2 dt

F2

[
a; b1, b2
c1, c2

;x, y

]
=

Γ(c1)Γ(c2)

Γ(b1)Γ(b2)Γ(c1 − b1)Γ(c2 − b2)

×
∫ 1

0

∫ 1

0

sb1−1(1− s)c1−b1−1tb2−1(1− t)c2−b2−1(1− xs− yt)−a dsdt

F3

[
a1, a2; b1, b2

c
;x, y

]
=

Γ(c)

Γ(a1)Γ(a2)Γ(c− a1 − a2)

×
∫
0<s+t<1

sa1−1ta2−1(1− xs)−b1(1− yt)−b2(1− s− t)c−a1−a2−1 dsdt

Theorem 11.76 (F1 の変換公式).

F1

[
a; b1, b2

c
;x, y

]
= (1− x)−b1(1− y)−b2F1

[
c− a; b1, b2

c
;− x

1− x
,− y

1− y

]
F1

[
a; b1, b2

c
;x, y

]
= (1− x)c−a−b1(1− y)−b2F1

[
c− a; c− b1 − b2, b2

c
;x,

x− y

1− y

]
F1

[
a; b1, b2

c
;x, y

]
= (1− x)−b1(1− y)c−a−b2F1

[
c− a; b1, c− b1 − b2

c
;
y − x

1− x
, y

]
F1

[
a; b1, b2

c
;x, y

]
= (1− x)−aF1

[
a; c− b1 − b2, b2

c
;− x

1− x
,
y − x

1− x

]
F1

[
a; b1, b2

c
;x, y

]
= (1− y)−aF1

[
a; b1, c− b1 − b2

c
;
x− y

1− y
,− y

1− y

]
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Theorem 11.77 (F2 の変換公式).

F2

[
a; b1, b2
c1, c2

;x, y

]
= (1− x)−aF2

[
a, c1 − b1, b2

c1, c2
;− x

1− x
,

y

1− x

]
F2

[
a; b1, b2
c1, c2

;x, y

]
= (1− y)−aF2

[
a; b1, c2 − b2

c1, c2
;

x

1− y
,− y

1− y

]
F2

[
a; b1, b2
c1, c2

;x, y

]
= (1− x− y)−aF2

[
a; c1 − b1, c2 − b2

c1, c2
;− x

1− x− y
,− y

1− x− y

]
Theorem 11.78 (F3 の変換公式).

F3

[
a, c− a; b1, b2

c
;x, y

]
= (1− y)−b2F1

[
a; b1, b2

c
;x,− y

1− y

]
Theorem 11.79 (Lauricella超幾何級数).

(a)n := (a1)n1 · · · (ar)nr

とする.

F
(r)
A

[
a; b
c

;x

]
=
∑
0≤n

(a)n1+··· ,nr (b)n
(c)nn1! · · ·nr!

xn

F
(r)
B

[
a; b
c

;x

]
=
∑
0≤n

(a)n(b)n
(c)n1+···+nr

n1! · · ·nr!
xn

F
(r)
C

[
a; b
c
;x

]
=
∑
0≤n

(a)n1+···+nr (b)n1+···+nr

(c)nn1! · · ·nr!
xn

F
(r)
D

[
a; b
c
;x

]
=
∑
0≤n

(a)n1+···+nr (b)n
(c)n1+···+nr

n1! · · ·nr!
xn

Theorem 11.80.

F
(2)
A

[
a; b1, b2
c1, c2

;x, y

]
= F2

[
a; b1, b2
c1, c2

;x, y

]
F

(2)
B

[
a1, a2; b1, b2

c
;x, y

]
= F3

[
a1, a2; b1, b2

c
;x, y

]
F

(2)
C

[
a; b
c1, c2

;x, y

]
= F4

[
a; b
c1, c2

;x, y

]
F

(2)
D

[
a; b1, b2

c
;x, y

]
= F1

[
a; b1, b2

c
;x, y

]
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Theorem 11.81.

F
(r+1)
D

[
a; b, b
c

;x, 1

]
=

Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
F

(r)
D

[
a; b
c− b

;x

]
Theorem 11.82 (積分表示).

F
(r)
D

[
a; b
c
;x

]
=

Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

ta−1(1− t)c−a−1
r∏
i=1

(1− xit)
−bi dt

12 q 特殊関数

12.1 q-Pochhammer記号

12.2 q ガンマ関数

Definition 12.1.

Γq(x) := (1− q)1−x
(q; q)∞
(qx; q)∞

Theorem 12.2 (乗法定理).

n−1∏
k=0

Γqn

(
x+

k

n

)
=

(
1− qn

1− q

)1−nx

Γq(nx)
n−1∏
k=1

Γqn

(
k

n

)

12.3 q ベータ関数

Definition 12.3.

Bq(x, y) :=
Γq(x)Γq(y)

Γq(x+ y)

13 q 超幾何関数

13.1 q 超幾何関数

Definition 13.1.

rϕs

[
a1, . . . , ar
b1, . . . , bs

; q;x

]
:=
∑
0≤n

(a1, . . . , ar; q)n
(b1, . . . , bs; q)n

(
(−1)nq(

n
2)
)1+s−r

xn
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底が q である場合は,

rϕs

[
a1, . . . , ar
b1, . . . , bs

;x

]
:= rϕs

[
a1, . . . , ar
b1, . . . , bs

; q;x

]
と略記する.

Theorem 13.2 (q 二項定理).

1ϕ0

[
a
−;x

]
=

(ax; q)∞
(x; q)∞

Theorem 13.3.

0ϕ1

[
−
x
;x

]
=

1

(x; q)∞

Theorem 13.4.

1ϕ1

[
a
b
;
b

a

]
=

(b/a; q)∞
(b; q)∞

Theorem 13.5.

1ϕ1

[
a
0
;−q

]
= (−q; q)∞(aq; q2)∞

Theorem 13.6 (q-Vandermondeの恒等式).

2ϕ1

[
a, q−n

b
;
bq−n

a

]
=

(b/a; q)n
(b; q)n

2ϕ1

[
a, q−n

b
; q

]
=

(b/a; q)n
(b; q)n

an

Theorem 13.7 (Heineの和公式).

2ϕ1

[
a, b
c
;
c

ab

]
=

(c/a, c/b; q)∞
(c, c/ab; q)∞

Theorem 13.8 (Bailey-Daumの和公式).

2ϕ1

[
a, b
aq/b

;−q
b

]
=

(−q; q)∞(aq, aq2/b2; q2)∞
(aq/b,−q/b; q)∞

Theorem 13.9.

2ϕ2

[
a, q/a
b,−q ;−b

]
=

(ab, bq/a; q2)∞
(b; q)∞

2ϕ2

[
a, b√

abq,−
√
abq

;−q
]
=

(aq, bq; q2)∞
(q, abq; q2)∞
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Theorem 13.10 (q-Saalschützの和公式).

3ϕ2

[
a, b, q−n

c, abq1−n/c
; q

]
=

(c/a, c/b; q)n
(c, c/ab; q)n

Theorem 13.11 (q-Dixonの和公式).

4ϕ3

[
a,−

√
aq, b, c

−
√
a, aq/b, aq/c

;

√
aq

bc

]
=

(aq, aq/bc,
√
aq/b,

√
aq/c; q)∞

(aq/b, aq/c,
√
aq,

√
aq/bc; q)∞

Theorem 13.12.

4ϕ3

[
a,
√
aq, b, c√

a, aq/b, aq/c
;−

√
aq

bc

]
=

(aq, aq/bc,−
√
aq/b,−

√
aq/c; q)∞

(aq/b, aq/c,−
√
aq,−

√
aq/bc; q)∞

Theorem 13.13. |b| > 1のとき,

4ϕ3

[
a,
√
aq,−

√
aq, b√

a,−
√
a, aq/b

;
1

b

]
= 0

Theorem 13.14.

5ϕ5

[
a,
√
aq,−

√
aq, b, c√

a,−
√
a, aq/b, aq/c, 0

;
aq

bc

]
=

(aq, aq/bc; q)∞
(aq/b, aq/c; q)∞

Theorem 13.15.

6ϕ5

[
a,
√
aq,−

√
aq, b, c, d√

a,−
√
a, aq/b, aq/c, aq/d

;
aq

bcd

]
=

(aq, aq/bc, aq/bd, aq/cd; q)∞
(aq/b, aq/c, aq/d, aq/bcd; q)∞

Theorem 13.16 (Jacksonの和公式). a2q1+n = bcdeとしたとき,

8ϕ7

[
a,
√
aq,−

√
aq, b, c, d, e, q−n√

a,−
√
a, aq/b, aq/c, aq/d, aq/e, aq1+n

; q

]
=

(aq, aq/bc, aq/bd, aq/cd; q)n
(aq/b, aq/c, aq/d, aq/bcd; q)n

Theorem 13.17 (q-Karlsson-Mintonの和公式).

r+2ϕr+1

[
a, b, c1q

n1 , . . . , crq
nr

bq, c1, . . . , cr
;
q1−n1−···−nr

a

]
=

(q, bq/a; q)∞
(q/a, bq; q)∞

r∏
k=1

(ck/b; q)nk

(ck; q)nk

bnk

r+1ϕr

[
a, c1q

n1 , . . . , crq
nr

c1, . . . , cr
;
q−n1−···−nr

a

]
= 0,

(
|q−n1−···−nr | < |a|

)
Theorem 13.18.

1ϕ1

[
b/a
b
;x

]
= (x; q)∞ 1ϕ2

[
a
b, x

;
bx

a

]
1ϕ1

[
0
a
;x

]
= (x; q)∞ 0ϕ2

[
−
a, x

; ax

]
(b; q)∞ 1ϕ1

[
b/a
b
; c

]
= (c; q)∞ 1ϕ1

[
c/a
c
; b

]
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Theorem 13.19 (Heine’s transformation).

2ϕ1

[
a, b
c
;x

]
=

(b, ax; q)∞
(c, x; q)∞

2ϕ1

[
c/b, x
ax

; b

]
=

(c/b, bx; q)∞
(c, x; q)∞

2ϕ1

[
abx/c, b
bx

;
c

b

]
=

(abx/c; q)∞
(x; q)∞

2ϕ1

[
c/a, c/b

c
;
abx

c

]
Theorem 13.20 (Jackson’s transformation).

2ϕ1

[
a, b
c
;x

]
=

(ax; q)∞
(x; q)∞

2ϕ2

[
a, c/b
c, ax

; bx

]
Theorem 13.21.

2ϕ1

[
a, 0
b
;x

]
=

1

(x; q)∞
1ϕ1

[
b/a
b
; ax

]
2ϕ1

[
0, 0
a
;x

]
=

1

(x; q)∞
0ϕ1

[
−
a
; ax

]
Theorem 13.22.

2ϕ1

[
a, q−n

b
;x

]
=

(b/a; q)n
(b; q)n

3ϕ2

[
a, axq−n/b, q−n

aq1−n/b, 0
; q

]
2ϕ1

[
a, q−n

b
;x

]
=

(b/a; q)n
(b; q)n

bn 3ϕ1

[
a, q/x, q−n

aq1−n/b
;
x

b

]
2ϕ1

[
a, q−n

b
;x

]
= (axq−n/b; q)n 3ϕ2

[
b/a, q−n, 0
b, bq/ax

; q

]
Theorem 13.23.

7ϕ7

[
a,
√
aq,−

√
aq, b, c, d, e√

a,−
√
a, aq/b, aq/c, aq/d, aq/e, 0

;
a2q2

bcde

]
=

(aq, aq/de; q)∞
(aq/d, aq/e; q)∞

3ϕ2

[
aq/bc, d, e
aq/b, aq/c

;
aq

bc

]
Theorem 13.24 (Watson’s transformation).

8ϕ7

[
a,
√
aq,−

√
aq, b, c, d, e, q−n√

a,−
√
a, aq/b, aq/c, aq/d, aq/e, aq1+n

;
a2q2+n

bcde

]
=

(aq, aq/de; q)n
(aq/d, aq/e; q)n

4ϕ3

[
aq/bc, d, e, q−n

aq/b, aq/c, deq−n/a
; q

]
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13.2 Bilateral q 超幾何関数

Definition 13.25.

rψr

[
a1, . . . , ar
b1, . . . , br

; q;x

]
:=

∞∑
n=−∞

(a1, . . . , ar; q)n
(b1, . . . , br; q)n

xn

底が q のときは,

rψr

[
a1, . . . , ar
b1, . . . , br

;x

]
:= rψr

[
a1, . . . , ar
b1, . . . , br

; q;x

]
と略記する.

Theorem 13.26 (Jacobiの三重積).

(q, x, q/x; q)∞ =

∞∑
n=−∞

(−1)nq(
n
2)xn

Theorem 13.27 (Ramanujanの和公式).

1ψ1

[
a
b
;x

]
=

(ax, q, b/a, q/ax; q)∞
(x, b, q/a, b/ax; q)∞

14 超越的特殊関数

14.1 Lambert W 関数

Definition 14.1. aについての方程式,

aea = x

の解を Lambert W 関数といい, W (x)で表す.制約条件, x ≥ − 1
e , W (x) ≤ −1を追加す

ることにより,一価関数となる.

Theorem 14.2 (特殊値).

W (0) = 0

W (2 ln 2) = ln 2

W

(
−1

e

)
= −1

W (e) = 1

W ′(0) = 1
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Theorem 14.3 (級数表示).

W (x) =
∑
0<n

(−n)n−1

n!
xn(

W (x)

x

)a
= a

∑
0≤n

(n+ a)n−1

n!
(−x)n

14.2 Mittag-Leffler関数

Definition 14.4.

Ea,b(x) :=
∑
0≤n

xn

Γ(an+ b)

15 数論的関数

15.1 Möbius関数

Definition 15.1. nが平方因子をもつとき,

µ(n) = 0

nが相異なる r 個の素因数の積に分解できるとき,

µ(n) = (−1)r

Theorem 15.2. 互いに素な n,mに対して,

µ(nm) = µ(n)µ(m)

Theorem 15.3.

∑
d|n

µ(d) =

{
1, (n = 1)

0, (n ̸= 1)

Theorem 15.4.

µ(n) =
∑

0≤k<n
(n,k)=1

e2πik/n
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Theorem 15.5 (Möbiusの反転公式).

g(n) =
∑
d|n

f(d)

であるとき,

f(n) =
∑
d|n

g(d)µ
(n
d

)
Theorem 15.6.

1

ζ(s)
=
∑
0<n

µ(n)

ns

15.2 約数関数

Definition 15.7.

σx(n) :=
∑
d|n

dx

σ(n) := σ1(n)

d(n) := σ0(n)

Theorem 15.8. n,mが互いに素であるとき,

σx(nm) = σx(n)σx(m)

Theorem 15.9.

σx(n) =
∑

0<a≤b≤n

bx−1 cos
2πna

b

Theorem 15.10.

ζ(s)ζ(s− x) =
∑
0<n

σx(n)

ns

15.3 Eulerの φ関数

Definition 15.11.

φ(n) :=
∑

0≤k<n
(n,k)=1

1
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Theorem 15.12. nの素因数分解を

n =
r∏
i=1

peii

とするとき,

φ(n) = n
r∏
i=1

(
1− 1

pi

)

15.4 Von Mangoldt関数

Definition 15.13.

Λ(n) :=

{
ln p, ∃p : prime, ∃r ≤ 1, n = pr

0, otherwise

Theorem 15.14.

lnn =
∑
d|n

Λ(d)

Λ(n) = −
∑
d|n

µ(d) ln d

Theorem 15.15.

ln ζ(s) =
∑
1<n

Λ(n)

ns lnn

ζ ′(s)

ζ(s)
= −

∑
0<n

Λ(n)

ns

15.5 分割数

Definition 15.16.

1

(q; q)∞
=
∑
0≤n

p(n)qn

Theorem 15.17 (Ramanujanの合同式).

p(5n+ 4) ≡ 0 (mod 5)

p(7n+ 5) ≡ 0 (mod 7)

p(11n+ 6) ≡ 0 (mod 11)
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Theorem 15.18 (n = ∞における漸近表示).

p(n) ∼ 1

4n
√
3
eπ
√

2n
3

15.6 Sum of squares function

Definition 15.19.

rk(n) := #{(a1, . . . , ak) ∈ Zk;n = a21 + · · ·+ a2k}

Theorem 15.20.

r2(n) = 4
∑
2∤d|n

(−1)(d−1)/2

r4(n) = 8
∑
4∤d|n

d

r8(n) = 16
∑
d|n

(−1)n−dd3

Theorem 15.21. ∑
0≤n

rk(n)q
n = ϑ3(0, q)

k

15.7 Chebyshev関数

Definition 15.22.

ϑ(x) :=
∑

p≤x, p:prime

ln p

ψ(x) :=
∑
n≤x

Λ(n)

Theorem 15.23.

ψ(x) =
∑
0<n

ϑ
(
x1/n

)
Theorem 15.24.

lcm(1, 2, . . . , n) = eψ(n)

Theorem 15.25. ρは Riemannゼータ関数の非自明な零点全体を動くとする.

ψ(x) = x− 1

2
ln

(
1− 1

x2

)
− ln 2π −

∑
ρ

xρ

ρ
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15.8 Mertens関数

Definition 15.26.

M(n) :=

n∑
k=1

µ(k)

M(x) :=M(⌊x⌋)

Theorem 15.27.

1

ζ(s)
= s

∫ ∞

1

M(x)

xs+1
dx

Theorem 15.28. ψ を第 2種 Chebyshev関数とする.

ψ(x) =
∑
0<n

M
(x
n

)
lnn

15.9 素数計数関数

Definition 15.29.

π(x) :=
∑

p≤x, p:prime

1

Theorem 15.30 (素数定理).

lim
x→∞

π(x) lnx

x
= 1

15.10 素数ゼータ関数

Definition 15.31.

P (s) :=
∑

p:prime

1

ps

Theorem 15.32.

ln ζ(s) =
∑
0<n

P (ns)

n

P (s) =
∑
0<n

µ(n)

n
ln ζ(ns)
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15.11 Riesz関数

Definition 15.33.

Riesz(x) :=
∑
0<n

(−1)n−1

(n− 1)!ζ(2n)
xn

Theorem 15.34 (級数表示).

Riesz(x) =
6x

π2
+ x

∑
0<n

µ(n)

n2
(e−x/n

2

− 1)

Theorem 15.35 (Mellin変換).∫ ∞

0

xs−1 Riesz(x) dx =
Γ(s+ 1)

ζ(−2s)
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