RETRBE R

2020 410 H 27 H

Bx

1 F 5
....................................
.27 Napier B . o o o oo o e e e 11
1.3 Euler DB . . . o o o e 13

p ZEBBEE 14

EDEE . 14

14

17

21

22

23

B Ao ~<~EHH 24
B1  HUSBEER . . . . 24
S A £ - 26
B3 T HUBEIR ... 27
BAd  FUGUBER . ... . 28
BS  Barnes GBI . . . . . o o oo 29
B.6  Kinkelin K BB . . . . . o o o 30
BT ZEAUBER . ... . 31




31

32

32

34

35

36

37

38

B.7  Riemann-Siegel BAEN . . . . . . . . ... 38
B8 Ramanujan L BT . . . o o oo e 38
5 T2 3 2R 39

39

b.2  Roger’s dilogarithm] . . . . . . . . . . . . . ... 41
5.3 Legendre DAAER . . . . . . .. 43
b.4 Inverse tangent infegral . ... ... ... .. ... .. ... . .... 44
5.5 Clausen BAEL . . . . . . . . . . . 45
b6 Terch Transcendenfl . . . . . . . . . .. ... ... ... .. .. ..... 46
ZEL—YEH 46

6.1  ZEE—RAE . . . ... 46
62 FEMESZEY—ZME . .. ... .. 49
6.3 RAZBEEL—ZH . . . ... 50
B.4  Mulfiple T-valud . . . . . . . . . . . . e 52
p.o Multiple Polylogarithmg . . . . . . . . . . . ... o0, 54
55

1 FT=REZ . . . . e 55
2 Ramanujan T—ZBB] . . . . . . . . 57
.3 Dedekind £ —=ZBHE . . . . . . . ... 58
T4 BEHSLZER . ... ... 59
f5  BOAOTAT BB . ... 61




.6 A 62

63

66

66

67

68

68

70

70

71

71

71

ST kR 72
1 ERGEEEZ . . . . e e e e e 72
0.2  REFAD . . ... 73
0.3 IERKFEA . . . 74
0.4 RICFEA . . . e 74
0.5 XEEREA . . .. 75
0.6 AZEEFBEB . . . . . . 76
D7  AEER=ZEB . .. .. 76
10 % IH T\ R 77
10.1 Bernoulli ZZIEZ . . . . . . . . . 77
[10.2 Chebyshev ZIHZ] . . . . . . . . . ... 79
[[0.3 Legendre ZIHZ . . . . . . . . . . ... 81
[0.4 Hermite ZIHA . . . . . . . . . 81
0.5 Laguerre Z2IHZ . . . . . . . . . . ... 83
[0.6 Jacobl ZZIHZT . . . . . . . . o e 83
[0.7 Gegenbauer ZIN . . . . .. . ... 84
11  SAERAEER 85
BOAD . o e e e e e 85




86

87

89

96
I1.7 Appell BB . . . o o 98
2 q R R 101
[2.1 g-Pochhammer a0l . . . « v v oo e e e 101
(22 qAUSEB . . .. . 101
(2.3 g R=ZBB . . . . . . 101
3 q B 101
M31 qAEREEB . . . . . . o 101
(3.2 Bilateral ¢ BB . . . . . o o 105
4 EEERTREE 105
[41 Tambert W BB . . . o v oo e e 105
[4.2 Mittag-Leffler BEB . . . . . . . . . . . . 106

[5.3 FEuler ® @ BIBL . . . . . . o 107
[5.4 Von Mangoldt BABN . . . . . . . . . . . . 108
15.5  EEL . . .. 108
[5.6 Sum of squares function . . . . . .. ... ... 109
[5.7 Chebyshev BB . . . . . . . . . .. 109




1 B
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Definition 1.1.
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o V1—2x2

Theorem 1.2 (Fi47).

Theorem 1.3 (Machin-like formula).
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Theorem 1.4 (F#53%).
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Theorem 1.5 (BBP-type formulas).
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Theorem 1.6 (Ramanujan-Sato series).

I (2n)!13 6n + 1
ED Db

0<n
I (2n)!3 42n + 5
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0<n
1 2n)13 5v/5 — 1 30 + 42+/5
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S
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1.2 Napier #1

Definition 1.7.

1 n
e:= lim (1 + —) = 2.718281828459045235360287471352 . ..
n

n—oo
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Theorem 1.8.

0<
n
=2y
_ |
= (2n —1)!
. (3n)? +1
= (3n)!
1 n?
R
0<n
1 n3
e=52
0<n

Theorem 1.9 (G#453%%).

e=1[21,21,1,4,1,1,6,1,1,8,...
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e=2+ 7
1+ :
2+ :
1+ :
1+
4+
1
e=2+ 1
1+ 5
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4+
5+ -
2
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3+ =
4+ :
5+
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2
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Theorem 1.10 (Pippenger type product).

1.3 Euler DE#

Definition 1.11.

k=1

| =

—In n) = 0.57721566490153286060651209 . . .
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2 #EHEHEAK
2.1 IBEEIHK

Definition 2.1.

0<n
Theorem 2.2 (RigkfH).
627Ti =1
e =—1
671'7L/2 — 3
mi/3 _ 1 4 Z\/—§
2 2
27i/3 _ 1 n zﬁ
2 2

e =cosx +isinx

Theorem 2.3.
Y =% . ¥
Theorem 2.4. n
e = lim <1 + —)
n—oo n
2.2 MHhHREEEL
Definition 2.5.
et — e~
Wh oz —
sinh z 5
X —X
coshx = c te
2
inh
tanhz = SN
cosh z
h
cothz = C?S v
sinh z



Theorem 2.6.

coshz + sinhxz = e*

coshxz —sinhx = e *
cosh?z — sinh?z = 1
Theorem 2.7.

sinhix = isinz
coshix = cosz

tanh<x = itanz

Theorem 2.8 (1443).

— sinh 2 = cosh x

dx
— coshx = sinh
dx
1

—tanhy = ————
dx cosh? x

1
— cothx = 5

x sinh” x

Theorem 2.9 (fR#FER).

: _ 1 2n+1
smhx = Z ml’

o<n
1 2n
coshz = Z (2n)!x
o<n

o<n
_ 2 B2n 2n—1
COth{E—Z n)!
0<n
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Theorem 2.10 (fERIERERH).

2
sinhmx = mx H (1 + x_2>
n

o<n
coshmx = I+—
0<n (n + %)
Theorem 2.11 (#4353 BUH).
mcothme = x i #
- = n2 + 2
> 1

mtanh e = 2
e

o
s (=)™
sinh7mx v Z n? + x2

n=—oo

T i (=)™ (n+3)
coshmr = +%)2+x2

Theorem 2.12 (IiEEHE).

sinh(z + y) = sinh x coshy + cosh x sinh y
cosh(z 4+ y) = coshx coshy 4 sinh x + sinh y

tanh x + tanh y

tanh =
anb(z +y) 1+ tanh z tanh y

Theorem 2.13 (f5H2X).

sinh 2z = 2 sinh 2 cosh z

cosh2x = 2cosh®z — 1
2tanh x

tanh 22 = —
1+ tanh®x

16



23 =ARXW

Definition 2.14.

T —1ix

. e —e
sinx :=
21
eix_*_efia:
cosy (= —————
2
sin
tanx :=
COS X
COS &
cotx := —
sin
Theorem 2.15 (sinx ORFFKIE).
sin0 =0
VB2
sin — = ———
12 4
LT \/5—1
sin — =
10 4
. T 2—+/2
sin — =
8 2
.om 1
sin — = —
6 2
. 10 — 25
sin — =
5 4
LT 1
sin — = —
42
o 3r 1445
n-— =
T) 4
T V3
sin — = —
3 2
O3 2442
sin — =
8 2
o 10+ 2v/5
S _— =
5 4
b V642
sin — = ———
12 2
T
0T
sm2



Theorem 2.16 (tanx OFFIAMH).

Theorem 2.17.

Theorem 2.18 (1447).

tan0 =0
tani—Q—\/g
12
; 2
an — = S —
10 V5
tang:\/ﬁ—l
¢ T 1
an — = —
6 V3
tan%: 5—2v5
T
tan — =1
an4
t 1+ 2
an — = —
10 V5
T
tan§:\/§
3
tan—ﬂz\/ﬁ-i—l
8
2 /
tangz 5+ 2v5
5%
tan — = 2
an - +3
; T
an — = 0o
2

cos?x +sin’z =1

— sinx = cos

dx
d .
— CcOosT = —sinz
dx

¢ 1
—tanxy = ———
dx cos? ¢

‘ 1

—cotx = —
dx sin® x
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Theorem 2.19.
sinzdx = —cosx +C

coszdr =sinxz + C

cotxdr =In|sinz| + C

/
/
/tanxdaz ~ _ln|cosz| + C
/
|

1—
( Cos:r:)+0
1+ cosx

1
2
1 1 i
/ dr = —In (=907 | o
CoS T 2 1 —sinx

sin ZL’

- -1 n—122n 22n_1 Bn
g = 30 CU T DB

|
& (2n)!
o (ED)"2%"Bay 5,y
cotx = Z W.ﬁlﬁ
0<n
1 (_1)n—1(22n—1 o 1)BQn on 1
Sl ] n
sin z Z (2n)! ‘
0<n
I
COS T
0<n

Theorem 2.21 (fERRFEREF).
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Theorem 2.22 (#7773 8URMH).

Ty OO
=z
sin Tx x2 —n?

T > —1"n—|—%
:Z()( )

COSTTX

Theorem 2.23 (JIEEH).

sin(z + y) = sinx cosy + cos z siny
cos(z +y) = cosxcosy — sinxsiny
tanx + tany

t =
an(z + ) 1 —tanxztany

x+y sinz+siny

tan =
2 COS T + Ccosy

Theorem 2.24 (f5AHRX).

Sin 2x = 2sinx cos x

cos2z = 2cos’x — 1
2tan
tan 2z = —
1 —tan“x
sin3z = 3sinz — 4sin® x

cos 3z = 4cos®x — 3cosx

n
: § : n ok n—k Tk
SInNr = SN T COoS T sin —

k 2
k=0
n
n k n—=k Tk
cosnx = E sin” z cos™ " x cos —
— k 2
" (”) tan® x sin =k
tannx = k=0 \k 2
oy (”) tan® x cos ZE
k=0 \ 2

20



Theorem 2.25 (FIFEAR).

sinx +siny = 2sinwgycosx;y
. . rT+y . T—yY
sinx — siny = 2 cos sin
2 2

x x —
cosx + cosy = 2cos ;ycos 2y

. rxty . r—y
cosx — cosy = —2sin 5 sin 5

Theorem 2.26 (FHIAZ).

1
sinzsiny = —5(008(1: +y) — cos(xz — y))

—_

sinzcosy = = (sin(z + y) + sin(x — y))

—_ N

coszcosy = —(cos(z +y) + cos(x — y))

\)

Theorem 2.27 (FELEEH).

n—1 7T]{?
2n—1 . A o
H sin (a; + o ) sin nx

k=0

2.4 YHEEEEK

Definition 2.28.

1
lnx::/ —dt
o t

Theorem 2.29 (H#5kfi).

In1=0
Ine=1
Theorem 2.30 (#43).
d
% Inz = E

Theorem 2.31.
Inzy =lnx+Iny

Theorem 2.32 (Taylor #k#X).

In(l1+z) = Z #x"

o<n

21



2.5 FAINEHRBIER

Definition 2.33.

inh /w 1 dt
arsinh z :=
0o V1+1t?
z 1
arcoshz := dt
[
T
artanh z ::/ dt
o 1—12

Theorem 2.34 ({#43).

1
— arsinhy = ——
dx m
1
— arcosh = ——
dz 2 —1
d 1
e artanhz = — 2

Theorem 2.35.

arsinhz = In(x + /1 + 22)

arcoshz = In(z + V22 — 1)

1.1
artanhxz = = In Tt

2 1—=x

Theorem 2.36 (f{#FER).

2 —1)» 2n—+1
arsinhxz = Z ( n) L

soo\n 227 (2n + 1)

x2n+1

o<n 2n+1

artanh z =

1 —2x)2"
arsinh®z = = Z &

2 o<n n2 (2:)

22



26 H=ARAHK

Definition 2.37.

arcsinr := /
1— t2
arccos « : /
1 — t2
arctan x /
Theorem 2.38 (#4473).
d . 1
% arcsimmT = ﬁ
d 1
— arccos T = — ——=
dx V1= 22
1
— arct =
o arctanz = e
Theorem 2.39.
arcsinz = —iln(iz + /1 — 22)
arccosx = —iln(z + i/ 1 — x2)
; i 1 1—1z
arctanx = — In
2 14z
Theorem 2.40 (FRHERR).
m p2nt1
arcsinx = Z ( )2—
soa\n 227 (2n + 1)
(_1)nx2n+1
tang = Y ~——
arctan x Z 1
0<n
. 1 (2x)%"
=32
arcsin“z = — 5
2 0<n n2 ( 7?)

23



Theorem 2.41.

2n+1 n-l
sin(a arcsinz) = a S ((2k +1)* — a?)
= (2n 4+ 1)! o
xzn n—1
cos(aarcsinzx) = Z Y H((Qk)2 —a?)
0<n ( n). k=0

3 HYvEHX%R
3.1 Hy~<EHK

Definition 3.1. -
I(z) := / t"“te7tdt, (Rx>0)
0

— R DERBUZX LTI,

n*n!
[(z):= lim — "
S Ny

CHERTD.

24



Theorem 3.2 (RigkfH).

=
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oo
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Il

N
3

'1
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'1
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~— —
I
Sl ¥

Theorem 3.3 (Taylor #%#X).

!
H

InI'(1+2x) =—yz + Z #(_x)n

1<n

Theorem 3.4 (Fourier #%#X).

™

sin mx

1 1
InT'(x) = (5 —x) (In27 +~) + an

Theorem 3.5 (Weierstrass D FEFEER).

1

™

Z Inn -sin2mnx

n
o<n

R (G B

0<n

Theorem 3.6 (x = co ([ZHF BilaERH).

B2n

1 1
InT'(z) ~ -1In2 — =) Inz —
nl'(z) 5 10 T+ <x 2) nzx $+(;L2n(2n—1)x2”_1

Theorem 3.7 (HKAR).
D(z)P(1—2) = —~

sin Tx

25




Theorem 3.8 (Legendre DA R).

['(x)T (x + %) =212 /7T (2z)

Theorem 3.9 (FiEEMH).

n—1

H r (x + E) = (2m) ("1 2p1/2=m2 D ()
n

k=0

Theorem 3.10 (Stirling DAR).

lim I(2)

z—o0 \/Qrge—1/2¢—2 =1

Theorem 3.11.

n n
> ak=D b
k=1 k=1

\f
Or
¥

r
lim —(x +ax)

=1
z—oo ['(z + by)

Theorem 3.12 (Binet’s log gamma formulas).

1 1 /1 1 1 -t
1nF(:1:):§+ln27r+(x—§>lnx—x+/ <§_¥+et 1)615 dt
0 _

*° arctan %

1 1
o €=

Theorem 3.13 (Raabe F&47).

xr 1_
/ InT(¢) dt = ganW—l— % +InK(z)
0

T 1_
/ InI'(¢)dt = gln27r+ % +zlnl'(z) —InG(1 + x)
0

32 R—SEHX

Definition 3.14.



Theorem 3.15 (FEFR).

B (1—a),
me_ghmﬁa

n

Theorem 3.16 (Fi73#mR).
1
B(a,b) = / 27 1 — )b da
0

/2
B(a,b) = 2/ sin®? !z cos®* !z da
0

33 T4 HYEHK

Definition 3.17.

1—\/
bia) = F((f))
Theorem 3.18 (F#ikfH).
(1) = =y
¢<%):—fy—21n2
1 T 3In3
o(3) =55
¢<2)__ L_Sln?)
3)” 779 2
o) e T
3 s
¢<Z):—’Y+§—31n2
1 V37 3In3
‘”(5):‘”—7—2“— 2
1\ T T+ 1In(2+v2) —In(2 — v2)
Y(l+x)=—v+ H,

Theorem 3.19 (FEEFR).

1 1
P(I+a)=—7+ (—— )
O<Zn n n+x

27




Theorem 3.20 (Taylor #4#1).

p(l+z)=—y+> (~=1)"¢(n)z""

1<n

Theorem 3.21 (tHXAX).
(1 —z) —Y(x) = meotmx
Theorem 3.22 (FELEEH).

2w (2 E) = o) ~

k=0

Theorem 3.23 (Gauss’s digamma theorem). IEFEEH 0 < a < b IZXTL,

a s Ta L622)/2] 2mwak Ta
W) (3) = —y —In(2b) — §cot 5 +2 ; cos — lnsin?
Theorem 3.24 (x = oo 2B} B HTER).
1 -32n
Y(x) ~Inx — oy 52
34 RYBV<EH
Definition 3.25.
d’n
() () = =
PO(@) = ah(a)

AT, n 2 1EEH LT 5.

Theorem 3.26.

(—1)"n!
xn+1

M (1+2) =9 (z) +

Theorem 3.27.
™ () = (-1)"nl¢(n + 1,2)

Theorem 3.28 (Ff{#FR).

PO) = (1Y

0<n

1
(n+ z)rt1

28



Theorem 3.29 (Taylor #4#).

6@ =t 0 (T o+ e

0<n

Theorem 3.30 (B33 R).

e tne—xt

@) = (ot [

0

Theorem 3.31 (z = oo B} B ER).

(r—1)! r! Z (2n—|—r—1)!B2n>

(r) ~(—1 r—1
P@) ~ (=) ( x’ +2xr+1+ (2n)!z2n+r

Theorem 3.32 (FEiEEH).
n—1 k
Z ™) (x + ﬁ) = n" ™) (nx)
k=0

3.5 Barnes G %

Definition 3.33.

G(1+z) == (21)*/2 exp (—W) I1 (1 + %)nexp (—ac +

Theorem 3.34 (FiFkfH).

1 61/821/24
G (5) = A3/2,1/4
. <§) _ 1/4,1/891/24
D) A3/2
5 3/4,1/891/24
¢ (5) T 2432
I\ e3/32-8(2)/(4m)
¢ <Z) T gosp (L)1
AT (3)

£3/32+8(2)/(4m)

arsr ()7

~
I

W~ w

@Q
PR

29



Theorem 3.35.
G(l+z)=T(x)G(x)

Theorem 3.36.

G(1—x) /w
1 =—zln2 t cot wt dt
nG(l—i—m) rlnl2r+m ; cot
G(1—=x) sintz  Cly(27x)
1 =zl
" G(1+ ) E— * T
Theorem 3.37 (Taylor fERH).
lnG(l—{—x):zln%r— z+( —|—Z "t
2 n—i— 1
Theorem 3.38 (z = oo 2B T BMWHERER).
1 3 Bopyo
1nG(1+x)N<§1nx—Z> ln27r——lnx+§ +Z4nn+1x2n

3.6 Kinkelin K 8%
Definition 3.39.
K(x) :=exp(¢'(=1,2) — {'(-1))

Theorem 3.40 (F#FkfH).

K1) =1

K2) =1

K(3) =4

K(4) =108

K(5) = 27648

K(6) = 86400000

K(n+1)=11223%...n"
3/2

a (% = Sorers

Theorem 3.41.
InG(z) +InK(z) = (z—1)InT'(x)

30



Theorem 3.42.

3.7 Z%EHVIEHY

Definition 3.43.
L) (z;c) := exp (¢.(0,2; )

3.8 ZE=AKK
Definition 3.44. |a|:=a; + -+ a, & LT,
Sp(x; @) i=Tp(2;0) 7T (| — 2;0) Y

CHERTD.

3.9 Hadamard @77 >~ < B

Definition 3.45.

23:/2 258/2
U= —F—~, V= —
r-3) r(%5*)
LT,
dUu av
LHEET D.
Theorem 3.46 (FijkfiH).
H(0) =1In2
Hn+1)=n!
1\ _ VA
" (5 el
_ =D ~ (D"
H(-n) = *— <ln2 +k§ -

31



Theorem 3.47.

Theorem 3.48 (HHXAR).

4 E—YEHR
4.1 Riemann £ —4%FE#
Definition 4.1.

()= - G > 1)

0<n

— M DERE s # LI U TIEfiriEsi L TEsESI b,

Theorem 4.2 (R7kMHI). ERH n 1T L,

2
<m=%
<w:%
ami%

((8) = 915?0

C(10) = 9§555 N
691

¢(12) = 6385117%875
9

C(14) = 18223225

(27T)2nB2n

32



Theorem 4.3 (RifkfE II). R n 12X L,

c0) =
(-1)=-15
-3 = 55
1
¢(=5) = ~500
1
C(=7) = 210
1
¢(—9) = 132
691
(=11 = 35760
((-13) = 15
((~2n) =0
=35

Theorem 4.4 (%5kfE III). EFEH n T3 L,

¢(0) = — In(2r)
¢(~2) = ——((3)

472

¢(~4) = 12(5)

¢(6) = — oor (1)

¢(-8) = 22 (0)

478
¢(-20) = (1"

¢(2n+1)

Theorem 4.5 (Euler f{#&R).

33



Theorem 4.6 (F73&xR).

Theorem 4.7 (B#ER).

((s) = 2575 !sin %F(l —5)¢(1 —s)

C(1—s) = 217577 cos gr(s)g(s)

4.2 Dirichlet 1 — 4% FE%K

Definition 4.8.

YR ERD &S 2BRIZH 5.

n(s) = (1-2"7%)¢(s)

34



Theorem 4.9 (F#ikfH).

1
n(0) = 5
n(l) =1In2
2
v
2 —
n(2) 15
Tl
4) =
n(4) 0
3176
16) = 30210
(8 = 12778
)= 1900600
73710
10) =
n(10) = Ge1880
22n71 _ 1)B2 7T2n
2 — _1 n—l( n
n(2n) = (1) @)
1. =
!
= _ln=
7'(0) 5 g
In?2
n(1) = 72— =

4.3 Dirichlet X— 4 EE#
Definition 4.10. (—1)"
B(S) ::ngnm, ERS>O

—HRDBERBUNTN U TR L TERSI NS,

35



Theorem 4.11 (FikfHE). FEEEH n (IZXF L,

50)=

B1) =

53)= T

8(5) = o

AT = 1231;;0

B(2n+1) = (_1)n2g2;)! <g>2n+1
B(~n) = %

F = %(7 ~Inm)+ 7T (Z)

Theorem 4.12 (B3 3mR).

B(s) = (g)s_l cos —SF(l —3)B(1 —s)
B—s)=(5)  sin r(s)8(5)

4.4 Dirichlet L 9%k

Definition 4.14 (Dirichlet f8#%). EEDEH a,b 12X U, Z FOEFZBUERIH T,
L. x(a)x(b) = x(ab)

2. x(a+n)=x(a)

3. x(a) #0251, a & niZHEWICE.

i3 D%, n 2ikE 3% Dirichlet 8l E W 5.

Definition 4.15. Dirichlet 882 %} U,

L(s,y) = Z x(n)

nS
0<n

36



CEERTD.

Theorem 4.16 (B%EEN).

)0 (25 0= 88 5 (5o

ZZT, a3 EEOMEAFIZE-T,0,1DELL0%LD,

n—1

G(x) ==Y x(k)e>™/n

k=0

ThHb.

45 Hurwitz £—4 B

Definition 4.17.

—RDOBHER s £ 1 I U TIEMrESR L TeEssns.

Theorem 4.18 (RikfE). EEH n IZH LT,

C(O,.f) :%—l‘

Bry1(z)

C(_nvx) = - n4+1

Theorem 4.19 (Distribution relation).

n—1 k?
Z( (s,:c + —) = n®C(s,nx)
k=0 n

Theorem 4.20 (B3 3mR).

1 o0 ms—le—aac
= — _— d
¢(50) = 75 /0 1_e= @

Theorem 4.21 (BIBEER). EEHO0<a <DITHL,

)= e (55 3)

k=1

37



Theorem 4.22 (Hurwitz’s formula).

(1—-s,2)= 20(s) Z L cos (g — 27ma:)

4.6 Barnes ZE+Y—4BEAI

Definition 4.23. 1
Clme)= 2 Grmear

0<ni,...n,

Theorem 4.24 (F73FmR).

G (5,35 00) = /H e s

i 11—6 at)

4.7 Riemann-Siegel BE3%K

Definition 4.25.
Z(x) _ ez@(ﬂ:)C (2 + ZI)

1 x x
=7 S Sl |
O(xz) :=TJInT (4 —|—z2> 5 T

4.8 Ramanujan L B3%K

Definition 4.26.

Theorem 4.28 (BHEEFN).

(27) 5 T(s) Ly (s) = (27)5 T (12 — 5) L (12 — )

38



b ZENHEHR
51 ZENHEK

Definition 5.1.

n

Lis(z) = 3 i— 2] < 1

0<n

—HRDEREUNT U TR L TERS N 5.

Theorem 5.2 (Liy DFFFK{H).

A
=
95,
2
, m
ng(l) = F
2
T
Lig(—1) = — —
L= ="3
1 w2  In*2
Liz (5) "2 2
2
Liz(p) = 0 In® p
In®p 2
Lig(—p) = 2 - T
i2(=p) = —~ ~ 1=
2
Lig(p?) = 15 In® p
2
Lis(i) = ™ 1 500
(i) = — 1 +i8(2)
Theorem 5.3 (Lis OFFIk{H).
B
P=

39



95,

Lig(~1) = = ¢(3)
1 7 2 3
L13 (5) = g((3> — Eln?—k —ln 2
4 27?2 2
Liz(p?) = = ~ lnp—=-In®
i5(p”) = CB) + g Inp—3n"p

Theorem 5.4 (s (23 2 KE5kfH).

Lij(z) = —In(1 — x)

_ R
Lip(z) = T2
, x
Llfl(CC) = m
_ z(1+4 z)
Li_s(z) = TEE
. x(1 + 4z + 2?)
L1_3({E) = (1 — .%’)4
, (14 z)(1 + 10z + 2?)
L1_4(£C) = (1 — JJ)5
Theorem 5.5 (Li; DERN).
2
Lig(x) 4+ Lig(1 — x) = 5~ InzIn(l — x)
Lis(z) + Lis (-1 _x) _ —%1112(1 _2)
1 2 In?
Lig(—il?) —|—L12 (—5) = —% — 11233
Lis (1 - y) + Liy (1%) ~ Liy (1 - 1 J x) = Lis(2) + Lis(y) + Lit (2)Li; (y)

Liy(x) 4 Liz(y) — Liz(zy)

40



Theorem 5.6 (Liz DEHN).

. . 1 1 2
Lig(—x) + Lis (—;) =% In®z — Flnx

2

1 1 1
Liz(z) + Lis(1 — z) + Lis <1 - —) =((3)+ glngaﬂ— %lnx — §1n2x1n(1 — )
T

Theorem 5.7 (FikEH).

n—1
Z Lis(xe%ik/”) = n!"SLi, (z")
k=0

5.2 Roger's dilogarithm

Definition 5.8.

L(z) = % (Lig(x) + % Inzin(l — x))

Theorem 5.9 (R5MHE I).

L(0) =0

L(1) =1

.()-+

o (D) e (B) e (L) o
2—6L<%)+L(%):

41



95,

L(p®) = 4L(p’) — 3L(p*) + 6L(p)

L(p*?) = 2L(p°) = 3L(p") — 4L(p°)

7
5
_.I_

6L(

L(p*) = 2L(p"") = 15L(p") + 10L(p*) =

v+

Theorem 5.11 (Ri5k{E I1I).

L) _18
1+,p) 11

1
Q@ 27

2COST
B 1
2005%
3
— 2cos —
ol Cos 7
s V3+2V6-1
B 2
B 1
QCOS%
1
b: 27
20087
4
c:2cos—7T
9
5%
d=2v3 — =2
\/_cos 13
11
e:2\/§cosl—g—|—2

T
=2 ——1
f V/3 cos 13
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95,

3L(a%) —9L(a*) — 9L(a) +7=0

3L(b%) — 6L(b%) — 27L(b*) + 18L(D) + 2
3L(c%) — 6L(c*) — 27L(c*) + 18L(c) — 2
2L(d®) — 2L(d*) —11L(d) +3 =0

2L(e%) —4L(e*) — 15L(e*) + 22L(e) — 6 =0
2L(f%) —4L(f3) — 15L(f?) + 22L(f) —4 =0

Theorem 5.12 (Bf&N).

Lz)+L(1—2x2)=1

L(z) + L(y) — L(zy) = L (x(l - y)) +L (

1—ay

L(z)+ L (i) —2

5.3 Legendre M# 1 EA%K

Definition 5.13.
p2n+1

Xs(0) =2 Gy 1)°

0<n (

ZENBBEBE L TORRIZD 5.

Xa() = 5 (L) ~ Lis(~2)

43

)
L(6¥%) — 2L(6%) — 6L(6*) +4L(63) + 3L(6%) + 4L(0) — 4 =

)

0



Theorem 5.14 (o DFRFEMH).

95,

v ()=

(7

+1n22_
8

1
X2 <(\/§— 1)2) = % + §ln2ln

Theorem 5.15 (yo DEFRN).

X2(2) + X2 <

5.4 Inverse tangent integral

Definition 5.16.

Tiy(z) =) (

Theorem 5.17 (FiikfE).

Theorem 5.18.

Tiy () = /O

Theorem 5.19 (Fourier #}#X).

Tis(tanz) = xlntanz + Z
0<

o<n

Tis(1) =

44

l1—=x _7r2
1+z/) 8

7T2

48

(V2-1)

(=n"
2n +1)s

B(s)

t

In? 2
8

2n—+1

* arctant

dt

sin(4n + 2)x

(2n +1)2

— —= —Liy

(%)



5.5 Clausen E8%K

Definition 5.20. E#E r i2xF L,

sin nx
CIQT(IE) - Z n2r

0<n
cosSnx
Clar—1(z) = E 2r—1
o<n
cosnx
Slgr(m) = E 7?,27"
0<n
sin nx
Slar—1(z) = E n2r—1
o<n

CEERTD.

Theorem 5.21 (Sl DHfFKE). 0 <z <2m & L7 & &,

Sl (z) = g - g
813(90):%—7%72—%13—;
SL, (z) = (_1)LT/;!1(27T)TBT (37)

Theorem 5.22 (Cl DRFEAH).

C].QT(T(TL) =0

Clay (3) = B2r)
CIQT_]_(O) = C(ZT - 1)
Clzr_l(ﬂ') = —77(27“ — 1)

™

Clar—1 (§> = —217p(2r — 1)
Theorem 5.23 (Duplication formula).

Cl.(27) = 2" 1 (Cl,(z) + (—=1)"*Cl(7 — z))

45



Theorem 5.24.

Cla,(x) = J(Lig ("))
Clyp_1(z) = m(Li%—l(@m))

Theorem 5.25.
/ Insinzdr = —§C12(2:U) —zln2
0
v 1
/ Incosx dx = 5012(77 —2x) —xIn2
0

v 1 1
/ Intanx dr = —5012(2@ — §C12(7r — 2x)
0

5.6 Lerch Transcendent

Definition 5.26.

Theorem 5.27.

1 oo ,.5—1_,—ax
O(z,8,a) = ] / TS g
0

6 ZEF—YER
6.1 ZEE—%E

Definition 6.1. k = (kyi,...,k,) (ZH U,

0<ny <---<ng

46



YEFETS. 22T, nF =0k nbe THB. 0% depk) EEL, wi(k) ==k +--

9%,

Theorem 6.2 (F#ikfH).

C({2}") = Gntl)

o 22n+1ﬂ.4n
C({4}") = @t

n_ 6(2m)°"
C({6}") = (6n+3)!

. 8(2m)n 1_|_i 4n+2+ 1 1 An+2

o =gyt ) 0

n\ __ 10(27’(‘)10n<1+L10n 5)
¢({10}") = (10n +5)! .

O afamy 3 1246 y 12046 .
C({12})(12n+6)!<< 7 ) +< NG ) +2 +)

o 27T4n
{1,317 = (4n + 2)!

2n

Theorem 6.3 (BA{R=).

¢(3)=¢(1,2)
C(4) = C(lv L, 2)
1
((1,3) = 7¢(4)
c(2.2) =S¢
<(5) = C(la L1, 2)
C(174) = C(la 1=3)
C(273) = C(17272)
<(37 2) = C(Qa L, 2)
((2.3) = 5¢() - 31,9
((3.2) = 5C6) +20(1,9

47
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¢(6) =¢(1,1,1,1,2)
¢(1,5) =¢(1,1,1,3)
€(2,4) =¢(1,1,2,2)
€(3,3) =¢(1,2,1,2)
(4,2) =¢(2,1,1,2)
¢(1,3,2) =((2,1,3)
¢(2.4) = £C(6) ~ 2¢(1,5)
((3,3) = 1¢(6) - ¢(1,5)
C(4,2) = ¢(6) +2¢(1,5)

C(1,1,4) = 2(1,5) = 7:C(0)
C(1,2,3) = 2¢(6) — 64(1,5)
C(1,3,2) = 3¢(1,5) — 5,¢(6)
((2.2.2) = ((6)

11
1560 —2¢(1.5)

¢(3,1,2)

Theorem 6.4 (FIAZ).

> k) =¢(k)

dep(k)=a
wt(k)=k

Theorem 6.5 (BURHE).

k= ({1} by,...,. {1} 1b,)
LLEEE ZTOWA VT Y 2 2k,

k' = ({1} ay,. . {13 a)

LERTDH. DL E,

C(k) = C(K)
Theorem 6.6 (KEFRABRN). 1V Fv 7 ADM%E k+e = (ki +eq,
Onk)= > ((k+e)
Ogei
e1+--+eq=h

48
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Lz &,
On(k) = Op (k")

Theorem 6.7.
Z C{r}")z™ = exp (Z (—1)n—1<(rn) xr”)
o=n 0<n n
Theorem 6.8.
n- n,m __ F(l — x)]:‘(l _ y)
Og;mg({l} Lm+Da"ym =1- e

62 HESNMEHEEL—YE

Definition 6.9.

Theorem 6.10 (FFFkfH).

¢r({23") =21 - 2'7*")¢(2n)
¢*(1,{2}") = 2¢(2n + 1)
C({13" 7 2) = nl(n +1)

Theorem 6.11 (FIAR).
> cw=(02)cw

dep(k)=r
wt(k)=k

Theorem 6.12 (Weighted sum formula).

r—1
> 2%¢(r =k, k) = (r+1)¢(r)
k=2

6.3 XRNZEE—-Y1E

Definition 6.13. ¢;, =+1 & LU T,

(ko)=Y =

0<n1 < <ng

49



Ei=—1DEE k 2k EENT, 1O20FRKRA VF v 7 AT,

(k) = Clkse)

v .

Theorem 6.14 (FFkfH).
@ =
P
cmww:ﬁ%§@

6n-+3 6n+3
. (1 + (_1)n(n—|—1)/223n—|—1 ((#) i (1 —2\/§> . 1))

C({1,2}") =87"¢({3}")

Theorem 6.15 (weight 1,2 DFFEKAH).

(1) = —In2
@=-"

:
«LD=2§ 2
(@n="2 -1

50



Theorem 6.16 (weight 3 DRFFEAH).

¢3) = _ZC(S)
1

((1.2) = 5¢0)

ol



6.4 Multiple T-value

Definition 6.18.

1
T(k) =29 Z (in _ l)kl R (2na — T’)ka

0<n1< - <ng

1
t(k) == Z (2n1 — 1)kt ... (2ng — 1)ka

0<ni < <ng

* pp— 1
t (k) = Z (2n1 _ 1)k1 . (Qna — 1)k“

0<ni<--<ng

Theorem 6.19 (T (k) OREEAHE).

[\

T(2) = -
T(3) = 26(3)
7.(_4
T(4) = 18
T(r)=2(1-27")(r)

52



Theorem 6.20 (t(k) OFRiFkMH).

N

H2) = %
3) = 2¢(3)
t4) = o
t(r) = (1—27")((r)
7 1,
#(1,2) = —75((3) + g’ n2
7I.4
02,2) = oo
t(1,1,2) = %w‘* — %7§(3) In2 + 1—167r2 In®2 + iC(1,§)
t(1,4) = —%4(5) — iﬁg(:&) - 9—167r4 In 2
1(2,3) = ~21C(5) + g mC(3)
1(3,2) = 2 1C3) + 1357C(3)
#(1,1) = @ - ”152
21" = g,
7T4n
) = 22 @
371'6”
6 = 16
_ _1)n(n+1)/2,n
=S
_ -1 n(n+1)/23ﬂ.3n
31 = ( 2)3"+1(3n)!
v oy _ (D" Eam?”
t({2}") = o)
Theorem 6.21 (AU,
T(k) = T (k")
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Theorem 6.22.

0<n,m F(l—l’—y)
1—z 1ty

> dy e ey = om [ b2 ]

0<n,m 27 2

6.5 Multiple Polylogarithms

Definition 6.23.

Lir(z) := > H
O0=np<ni1 < -<ng =1
Lig(2) := Lig(z,...,2)
Theorem 6.24 (z = 1 TORFKIH).
. (1 In? 2
L1171 (§> = 9
1 3) In*2
L1 (5) - -
1 1 2
L121 5 :—4C(3)—|—Eln2——ln2
1 7 2 1

Theorem 6.25.

Lil,l(m,y) = L12 (f:z) — L12 (—%y) — ng(.@)

Li{l}r (Z) _ (— ln(i!— z))r

Theorem 6.26. —1 < Rz; < % 95,

Za

> T m A+ aty™ =1~ -2l -y) o L__

Lik(2) = Ligyweow <{1}’““‘1, e (UL

Theorem 6.27 (Landen connection formula).

Lig ( — Z) 1)" > Lig (2

k=K’
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7 FEABEHR

71 T—YEE

Definition 7.1.
Yo(z;7) == Jo1(x;7) = f: oriTn®+2min(e+1)
D7) = () = — 3 em b () ()
Yo (z;7) = V1o(z;7) = i it (n+d) +2mi(nt1 )
O3(z;7) :=Voo(z;7) = i iR 42ming

7, qg=e""" BEREL LT,

do(w,q)i= 3 g ermnlerd)

g = 3 gD )
Va(z,q) == Z q(n+%)262m(n+%)m
193(33’,(,]) = Z qn2€2ﬂ'inx

Vi(x) = 0i(z;7), 9 :=9(0;7) LEFELZLBH D, ¥y:=0g T 5.

Theorem 7.2 (RigkfH).

plg):= > ¢
r

C =
r(3)
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95,

ple™™)=C
plem) = YOI
gy V3+2V3
p(e™") = TC
ple'm) = 2+4€/§C
_ V9 +4v5
5my\
(67 = VI+tV2H V33
4 B V1728
o T+ 4T 4528 + V1372
ple™™) = 7 C
Csmy V24 V2+ V128
p(e™™") = 1 ¢
(=) 1+(1+¢§)3 2-V3,,

Theorem 7.3 (JERRFERR).

do(x,q) = [ (1= *")(1 —2¢°" " cos 2z + ¢*" %)

0<n
V1(z,q) = 2¢**sinx H (1 —¢*)(1 — 2¢*" cos 2z + ¢*™)
0<n
9 ( __ 9, 1/4 _2n 2n an
o(z,q) =2/ cosx H(l g™ (1 4 2¢°" cos 2z + ¢*™)
0<n
Is(z,q) = [J(1—*")(1+2¢°" " cos 22 + ¢*" )
0<n

26



Theorem 7.4 (Jacobi D EHEHN).

9o <E§ _1) = T 0y ()

T T
1 2 )
Y1 <£;——) = —je™ /T_m/4\/7_'191(x;7')
T T
1 . )
Yo (E, ——) = 6””2/7_”1/4\/7_'190(33;7)
T T
1 2 )
U3 <£, ——) = ™ /T4 S g (2 T)
T T

Theorem 7.5 (Landen DA R).

P0(0; 27)0¢ (223 27) = Fo(x; 7)04(z; T)
V0(0; 27)01 (223 27) = 91 (x; 7) 02 (z; 7)

Theorem 7.6.
9300 (x)? + 9302(2)? = ¥3093(x)?
V501 () + 9302(x) = ¥3093(x)?
920 (x)? + 9201 ()2 = 9200 (z)?
19%193(1’ 2 + 19%191(1’)2 = 19%190(1‘)2

95 + 95 = 93

7.2 Ramanujan 7 — % B

Definition 7.7.

f(a,b) = Z a"(”+1)/2bn(n—1)/2

Theorem 7.8.
f(a,0)=a+1
f(0,0) =b+1
f(a,b) = f(b,a)
Theorem 7.9.

f(a” b) = (_a7 _ba ab; ab)oo
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Theorem 7.10 (77 #R).

2a [ 1 — av/ab cosh(tv/In ab)
Vor Jo 1+ a3b—2avab cosh(tx/@)

N 26 [ 1 — bv/abcosh(tv/In ab)
V21 Jo 1+ ab3 — 2bvabcosh(tv/In ab)

fla,b) =1+ e /2 at

e_t2/2 dt

7.3 Dedekind 1 — % A%

Definition 7.11. ¢ =™ & L C,

n(r)=q¢""? T](1—¢*")
0<n
A(7) = (2m) ()
CREHRTD.

Theorem 7.12 (H#5kfi).

. 1 1
77(2) - 27T3/4F (Z)
) 1 1
n(2i) = 211/8773/4F <Z)

n(31)

1 1
23 %/3+2v3r3/4 \4
VVvV2—1_/(1
0(4i) = VV2-1 <_)
929/16:3/4 4
i 1 1
n (§> - 27/87T3/4F (71)

8 3/2
n(627ri/3) — /24 \/gr l
2 3

Theorem 7.13 (BIBEER).
n(r +1) = e™/2(r)

i (—%) = e " /m(T)

o8



Theorem 7.14 (Fourier f#FR).

A(T) = (2m)*? Z 7(n)e* T

0o<n

7.4 A LYEK

Definition 7.15.
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Theorem 7.16 (Fi5kff).

a

+ s
<

3]

(V2 +1)?

N

+ o

— | ﬁ

(] V ~—

I I I I

S~ N/~ N, 7 N, 7~ N -~/ N X
— N HMm NN A D AW
N N N N N

(2 -V3)(V2+V3)

— |

(V10 — 3)(vV2 — 1)?

A*(12) = (V3 —v2)32(vV2 - 1)?

HE
R
I

(2-V3)(V3-V?2)
V)
A*(8) = (1 +V2 - \/2+2\/§)
N(9) = (V3 - VBB 1)

A*(10)

* * * * * *
~< < ~< ~< ~< ~<
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75 ¥ATI T 7EK

Definition 7.17. k, = X\*(r) £ UTC,

T E(k;)
a(r) .—W+ﬁ(l——)
5(r) := /1 — 2a(r)

CREHETD.

Theorem 7.18 (F#FkfiH).

1
a(l) = 5
a2)=v2-1
a(3) = ﬁz_ !
a(4) =2(vV2 —1)?
a(3) = VB —V2v6 -2
2
a(6) = 5v6 + 6v3 — 8v/2 — 11
a(7) = ﬂ -1

2

a(8) :2(10+N§) (1— \/2\/5—2)2

C3-342(V3-1)
a 2
«(10) = 72v2 — 46v/5 + 33v/10 — 103
a(12) = 264 — 188v/2 + 154V/3 — 108V6
VIE— V51

2

a(9)

a(1b) =

Theorem 7.19.
adr) = (1 + kg )2a(r) — 2v/rky,
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7.6 fEHEES
Definition 7.20. RE2EMHBESZ AN TEET 5.

¢ 1
Fo,k) = / da
0 1 — k2sin’x

r 1
F(x; k) := dz
(k) /0 VA2 k222
¢
E@ﬁk:/ﬁ 1 — k2sin® x dz
0
o1 — k222

Definition 7.21. E2EMNETZ AT TE#ET S
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Theorem 7.22 (¥#jkfH). Elliptic modulus % k, = \*(r) £ L T,

K (ks) = W\/F (%)F(f—ol)ol;(%ﬁ(%)
K(k) = - (%)i“ﬂ(ff) L)
VESVEAEREN GG
Kk = \/2 12 N
V324 V3
= T (4)
K(ki2) = V3(L+ \/_)(;E/‘:;\/g)\/mF (%)
(14 v/2)?
K(k) = " ( )
2+\/_
K(kas) = S0 ( )

Theorem 7.23 (Legendre’s relation).

K(R)E (V1= k) + BR)K (VI k) = K()K (V1-#2) = 2

7.7 Jacobi OF¥EHEIEK

Definition 7.24.
x = F(¢,k)
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ThsrLE TOWEKE LT,
¢ = am(x, k)

NEXS.

sn(x, k) := sin(am(z, k))
cn(x, k) := cos(am(z, k))

dn(z, k) := /1 — k2 sn2(x, k)

Theorem 7.25 (k |23 2 Rik{H).

dn(z,0) =1

sn(z,1) = tanhx
1

1) =

en(z, 1) cosh x
1

d 1) =

n(z, 1) coshx

Theorem 7.26 (x [ZB3 25 5kfH). K := K(k), sn x :=sn(z, k) &3 5.

sn0=0
cn0=1
dn0=1
snK =1
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Theorem 7.27 (JIIiEEH).

snxecnydny +snycnxdnx

sz +y) = 1—k2%sn2? zsn?y
_cnxeny —snrsnydnzdny
en(z +y) = 1—k2sn? x sn? y
dnzdny — k*snxsnycnzcny
dn(z +y) = 1—k2sn2? zsn?y

Theorem 7.28 (f5HAX).
2snzcnzdnz
1—k%sn* x
1—2sn? x4+ k%sn? z
1—k2sn* x
1 —2k%sn? 2+ k?sn? z
1—k2sn* x

sn2x =

cn2r =

dn 2z =

Theorem 7.29.
1—cn2x
sn“r=-——-—
1+ dn2x
dn 2z 4 cn2x
1+ dn2z
dnl e — dn 2z 4 cn 2z
1+ cn2x

cn-xr =

Theorem 7.30 (Jacobi DEHZHR).

sn(x, k')

cn(z, k')
1

en(z, k')

dn(z, k")

en(z, k')

Definition 7.31 (Jacobi O 2 fEEMBI%K).

e(z, k) := /Om dn(t, k)2 dt

Z(x,k) =e(z, k) — %x

sn(iz, k) =1
en(iz, k) =

dn(iz, k) =

Theorem 7.32 (JIEEH).
e(r+y) =e(x)+e(y) — ksnxsnysn(x + y)
Z(z+y)=Z(x)+ Z(y) —ksnxsnysn(z +y)
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7.8  Weierstrass D5 %k

Definition 7.33.

p(x;whWQ)I:%—l— 3 ( 1 1 )

N (z 4 nwi +mws)?  (nwy + mws)?
(n,m)#(0,0)
p(z;7) = p(;1,7)

Theorem 7.34 (7 /ifEX).

dy 2
(—d ) = 4y° — g2y — g3
X

Theorem 7.35.

1 g2 o g3 4 6
Cpwe) = — 4 22 PBaa o
o(z;wi,w2) 2 2033 281‘ (z°)

Definition 7.36. HfER 423 — gox — g3 DIR%E €1, 60,63 £ T 5.

Theorem 7.37.

€1+ ey +e3 = 0
2(ef +e5 +¢3) = go
derezes = g3

Theorem 7.38. w3 = —w; —ws &5 5.

(5) =0 o(F) = 0(5)=c
@2—617@2—62,@ =e3

7.9 Eisenstein ##X

Definition 7.39.

G,(T):= Z L

n,mez (n - mT)T
(n,m)#(0,0)
_ Gzr(T)
2¢(2r)

2r -
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Theorem 7.40. g =™ T 5.

710 jAEE

Definition 7.41.

Y LT,

47, 2r—1q2n
BQT 11— q2n
4r

Z O2r—1 (n)q

EEERT D,

Theorem 7.42 (H#5kfi).
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95,

Theorem 7.43.

y (1 +2i\/§> _ (2)3 (19 — 13v3)?

1 1
J (— + z) = (724 - 513v/2)3

8 Bessel A%

8.1 Bessel FA%

Definition 8.1.

Jal@) := ﬁ (3) oF {1 Ia?—xﬂ

Yo(z) :=

Jo(x) cosma — J_q(x)

sin o
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Theorem 8.2 (RigkfH).

Jl/g(l') = ESiHI’
2
J_1/2(x) = —CoST

Theorem 8.3.

Theorem 8.4 (5> HRERN).
d? d
g a” 4 2 2 _
(a: de-l-:de-l-(x a)>y 0
Theorem 8.5 (REBI%Y).

e%(t_%): i I (x)t"

n=—oo

Theorem 8.6 (fHFER).

_ (=" z
Jale) = Z n!ll'(1+ a+n) (5

o<n

>2n—|—a

Theorem 8.7 (Fi73ZR).

Jo(z) = l/ cos(zsint — at) dt
T Jo
Theorem 8.8.
Y Jn(x)=1
Z Jo(x)? =1
Theorem 8.9 (HIiEEHL).
Ta(z+y)= > Ju(@)Tn r(y)
k=—0c0
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8.2 Hankel E9%k

Definition 8.10.

Theorem 8.11.

) ) ) 1
H((yl)@) — _%(2x)ae—ma+m[] (5 + a,1 4 2a, —2iZ>
™

2i i 1
Hé?) (CL') _ \/_Z_(Qx)aewra—sz (5 + a,1 4+ 2a, 2i2)
s

8.3 Z T Bessel BA%K

Definition 8.12.

2ot0) = iy (3) 08 1o

Yal(z) = gf—afil; ia@c)

Theorem 8.13.

I_,(x)=1,(z)
K_,(x) = Ky(2)

Theorem 8.14 (7 /ifExX).
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8.4 3K Bessel %K

Definition 8.15.

o) =\ T @
) = [ Vi)

Theorem 8.16 (7 /fEX).

x2d—2+2xi+(a:2—a(1+a)) =0
dx? dx v

Definition 8.17 (&k Hankel B3%X).

hi (@) = ja(2) + iya(z)
h$ () = ja(z) = iya(z)

8.5 ZHIk Bessel FA%K

Definition 8.18.

io(T) = \/gll/%—a(x)

k() =\ =K1 2 ra(@)
8.6 Airy B
Definition 8.19.
wio) = gy R (35 )+ Ty oo (1751



Definition 8.20 (Scorer B#4).
Gi(z) := Bi(z) — Hi(z)
2 3
Hi(z) := ~Bi(z) + — | F} [41 - ]
T 3

Theorem 8.21 (FFkfiH).

. 1
MO )

. 1
Bi(0) = Si/6T (%)

Theorem 8.22 (47 /ifEX).

Theorem 8.23.

Ve 3
3 3 *\3
. T 2 2
BI(CL’) = \/; (I—l/3 <§CE3/2) + I1/3 <§$3/2))

Theorem 8.24 (Airy f&47).

/Ooo cos(t3 + xt) dt = %Ai (%)
(

> T
sin(t3 + xt) dt = —Gi
A ("t at)di = 27

et g, o )
e dt = —=Hi| —=
/0 V3 <\3/§

9 TEH/RR
0.1 RERH

Definition 9.1.

f 2 /m = d
CrIxr ‘(= —= e z
VT Jo

erfcx =1 —erfz
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Theorem 9.2 (RigkfH).

erff0=0

erfoo =1

Theorem 9.3 (fEFER).
(—1)ng2ntt

fr=
e \/_Z n!(2n + 1)

237 2n+1

erfx— Nz Z 2n+ 1)1

Theorem 9.4 (x = co ([ZHJ BiAERH).

2n—1)

erfxwl— N Z

0o<n

9.2 HEEMEL

Definition 9.5.

Theorem 9.6 (Ri5kfH).

Theorem 9.7.
Ein(z) =v+1Inz + Ey(x)

Theorem 9.8 (fkFFR).

Ei(z) = — — lnac-i-z

n'n
0<n

Theorem 9.9 (#43).
El (x) = —En_l(ZE)

n

73

x—2n—1



9.3 IEFIESD

Definition 9.10.

Si(x) ::/ Sl—ntdt
0

t

* sinht
Shmm:::/ SIS gt
.t

Theorem 9.11 (FEEFER).

. . (_1)n 2n-+1
SMﬁ_EZ@n+n@n+mﬁ i

0<n

:L,Qn—l—l
Shi(z) =
i(z) Z;@n+D@n+D!
Theorem 9.12 ($§4).

d . sin x

. Si(z) = "

d . sinh x

. Shi(x) = .

9.4 RELED

Definition 9.13.

Ci(z) := —/ &Stdt

t
1~ cost
Cin(x) ::/ ST
0 t
* cosht — 1
cm@y:7+mx+/‘917——ﬁ
0

Theorem 9.14.

Ci(z) =~ + Inz — Cin(x)
Ci(x) = Ei(ix) —|—2E1(—zx)
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Theorem 9.15 (FEFR).
&@g:7+mx+§:(_1
= 2n(2

Theorem 9.16 ({#47).

9.5 XERS
Definition 9.17. Soldner’s constant Z p & U T,
1
liz ::/ —dt
p Int
CREHRTD.
Theorem 9.18 (FFFkfiH).
lio=0
lil= -0
lig=20
Theorem 9.19 (#43).
d g — 1
dz © " Inz

Theorem 9.20.
liz = Ei(lnx)

Theorem 9.21 (FEEFER).

In"
liz = E
ir=7v+Inlnhx+ T
0<n
_ (=) 'In"x
liz = Inl
ir=~+1In nx+\/50§<n T
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n)!

L(n—-1)/2]

D

k=0

1
2k +1




9.6 AZEHYVEH

Definition 9.22.

Theorem 9.23 (H#5kfi).

1

r (§,x2> = rerfcx
L

7{3® = rmerfz

Theorem 9.24 (7 /ifEX).
d? 1—s\ d
L 41 Rl IV
(al:zr;2 * ( + x ) d:c) y=0

v(s,z) + (s, z) =T(s)

Theorem 9.25.

Theorem 9.26.

Se—CC

(s, x) = M(1,1+s,x)
I'(s,z) =2 *U(1,1+s,x)

9.7 AEEN—IEH

Definition 9.27.

Bu(a,b) = / p-1(1 — )1 gt
0

76



Theorem 9.28 (Ri5kff).

B;(a,1) = —
—(1=2x)
Bx(l,b):M
b
B, ,0> = 2artanh \/z

By

7 N N
N~ N =

N |

> = 2arcsin vz

Y

Theorem 9.29 (BHEEN).

B.(a,b) + B1_,(b,a) = B(a,b)

Bu(a+1,b) =

> (aBm(a, b) —x%(1 — a:)b)

B.(a,b+1) =

P (bBy(a,b) + z*(1 — a:)b)

Theorem 9.30.

1
Bula,t) = ot(1 = oo |17 ]

10 ZIERAX%R
10.1 Bernoulli ZIER,

Definition 10.1.

te:):t o0 tn

= n(T)—

t _ |
e 1 o
B, := B,(0)

7



Theorem 10.2.

By(0) =1
1
Bi(z) =z — 3
1
Bs(x) ::I:Q—x+6
1
Bs(z) = 2® — 5332 + 5%
1
By(z) = 2t — 223 + 2 — 30
) 1
Bs(z) = 2° — §.CC4 + gx?’ — 57
5) 1 1
BG(ZIZ') = CU6 — 32135 + 5334 52132 E

Theorem 10.4 (Faulhaber’s formula).

n

1
Zk _7,_|_1(B7“+1(n+1) B;)

Theorem 10.5.

2r! 1 r
r = — —_— 2 — —)
B, (z) Gn) E — cos< ™me— -

Theorem 10.7 (FiEEH).

n—1

B(nz)=n""'"> B, (x + S)

k=0
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10.2 Chebyshev ZIER

Definition 10.8.

T, (cos ) := cos nx

U (cos ) i sin(n + 1)z
" ' sin
Theorem 10.9.
To(l') =1
Ti(x) =x
Ty(x) =22% — 1
Ts(z) = 42° — 3z
Ty(z) = 8z* — 82 + 1
Ts(z) = 162° — 202> + 5z
To(z) = 322° — 482* 4 1822 — 1
Theorem 10.10.
Uo(il?) =1
Ui(z) =2z
UQ(%) = 4:1;'2 -1
Us(w) = 82° — 4x
Us(z) = 162" — 1222 + 1
Us(z) = 322° — 322° + 62
Us(z) = 642° — 80z + 242 — 1
Theorem 10.11 (RERI%K).
1—uxt n
om g = 2 T
0<n
1—t? n
o = Do) +2 > To(a)t
0<n
1 n
-2t +2 OZ%U”(W



Theorem 10.12.

ln/2] n
T o n—2k k
@)= ) (Qk)x (@2 1)
k=0
n—1
2 1
Tp(x)=2""1 kl;IO <x — cos ( k‘i;;b )W>
(=D"(n+1)y/m a" 2\n+1/2
U, = 1—a)"
)= T (s 2 )\/den( )
[n/2] .
o) = 3 (0" ) o
k=0
U (x)—?"ﬁ(x—cos mk )
" N pait n+1
Theorem 10.13.
n,n l—=x
A -
3 2
_ 91—
Un(:c):(n+1)2F1[ mnt e 2901
2

/1Md:ﬂ:{%5n,m7 n7ﬁ0,m7é0

Theorem 10.15 (#fi{b=X).

) = 22T (x) = Tna ()
) = aTa(z) = V(1 = 22)(1 = Tn(2)?)
1)(Tant1(2) = 1) = (Tat1(2) — Tn(z))?
2(2% = 1)(Tan(@) = 1) = (Tn41(2) — Tn-1(2))”

n—i—l(aj

Tt (:E

(x
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10.3 Legendre ZIB=

Definition 10.16.

Pu(e) = L2 gy

= 2nn! dz™

Theorem 10.17 (REEIZ).

1 p—

Z P, (x)t"
V1 —2xt + t2 o<n
P,
e*t Jo (t 1-— :1:2) = Z (z) t"

Theorem 10.18.

Theorem 10.19.

Theorem 10.20 (#i{t=N).

(n+1)Pt1(x) — (2n+ 1)zP,(z) + nPp_1(x) =0
(1 —2*)P.(x) + nzP,(z) —nP,_1(x) =0

10.4 Hermite %I

Definition 10.21.



Theorem 10.22.

Hy(x) =1

Hy(x) =2x

Ho(z) = 42°

Hs(z) = 82 — 122

Hy(x) = 162* — 4822 4 12

Hs(z) = 322° — 1602° + 120z

Hg(z) = 642° — 4802* + 7202% — 120
Hy(z) = 12827 — 134425 + 33602° — 1680z

Theorem 10.23 (REEIZ).

H
p2ut—t> _ Z
0<n
Theorem 10.24 (EXRM:).

/ Hn(x)]-,[m(sz:)e_“:2 dz = 2"n!IN/T6 m
Theorem 10.25 (i{t=N).

H,i1(x) —2xH,(z)+ 2nH,_1(x)
H! (x) =2nH, _1(z)

Theorem 10.26 (fiiEEH).

on/2py (x;y) = :) (Z)Hk(w)ﬂn—k(y)

n

Ho(z+y) = Z Hy(z

k=

(e
VRS

Theorem 10.27.

Hon(z) = (—1)"2"(2n — )11 Fy E” xQ]

H2n+1(33> = (—1)"2"+1(2n + 1)”.73‘ 1F1 |:_3

n
; xz}

M|
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10.5 Laguerre ZIHR

Definition 10.28.

e® d"
L,(z):= Pl e
Theorem 10.29.
Lo(z) =1
Li(z)=1—x
Lo(x)=1—-2z+ %x2
3, a3

Theorem 10.30.

Theorem 10.31 (fi{t=N).

(n+1)Lypyi(x) — (2n —x+ 1)Ly (z) + nLlyp—1(x) =0
L (x) —nLy(z) + nLl,_1(z)

10.6 Jacobi ZIER,

Definition 10.32.

%(1 —z) %1+ m)*ﬁd—n ((1 —x)*T(1 + x)BJr”)

P () = o

Theorem 10.33.
P (x) =1
N 1
PP (@) =1+a-Z(2+a+8)(1-2)
2+«

PIP(@) = 222 (1 a— B+ a+B)(1—2) + é(3+a+6>(4+a+5><1 — )
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Theorem 10.34.

@ n+ —-n,1+n+a+ 1—2x
P?’(L“B)(x):< n )2F1{ 1+ a B;—l

(@) _ (nHa) (L+z\" —n,-n—f l-uz
P ) < n )( 2 2l l+a 7 14z

10.7 Gegenbauer %IE

Definition 10.35.

O (z) = (20)n plo=1/2.0-1/2) ()
" (3+a), "
Theorem 10.36.

Theorem 10.37 (REEZ).

C’(O‘)
_ 2) Z
(1 23315 +t o=n

Theorem 10.38 (ififkzX).
nC ™ (z) —2(n + o — 1)xC7(IOi)1(x) + (n + 20 — 2)07(10:)2(33) =0

Theorem 10.39.

o n+2a—1 —n,n+2a 1—x
C’,(L)(x):< N >2F1{ 1ya " ]
1

(o) _ on n+oa—1 _ —n,; —N—Q 2
Cn (113')—2 ( n ({E 1) 2F1 1— 271—204 —1—1'

n 1
@)y (Pt2a—=1\ (1+z -n,5-—n—-a l-zx
Ca (:1:)-( n 2 2I %-i—a T l4x
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11 ERIBEHR
11.1 Pochhammer &2 &

Definition 11.1.

1
@o=1 (@=Tlerh. @y
CERT D, £z,
(al 7ar)n - (a'l>n (ar)n
LWEGELT B

Theorem 11.2.

=
(1—a),
(=1)*(a)n

(a)n—k = m

(@)nt+k = (@)nla+n)y

(a)—n =

(a>n a
(—1)kn!
(=) = (n—k)!
Theorem 11.3. , ,
ap = bk
k=1 k=1
ALY
) ai, ..., ar)n = T(bg)
lim =
n—00 (blv 7br)n F(ak)
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11.2 &REER{EaER
Definition 11.4.

M(a,b,x) :=1F; [Z;x}

_ I'(1-v) ‘ rb-1) ,_, o
U(a,b,x) := —F(l—i—a—b)M(a’b’x) + OR 227°M(1+a—10,2-0,12)
Theorem 11.5 (F#5kff).
M(0,b,x) =1
U(O,c,x) =1
M(a,a,x) = e*

Theorem 11.6 (7 /ifExXN).

Theorem 11.7 (53 #mR).

M(a, b, z) = %/{) =1 (1 — pybma—lert gy

1 [oe)
U(CL, b, ZC) = m /O ta_l(l + t)b—a—le—mt dt

Theorem 11.8.

1/2—a 1
M(a,2a,x) = (%) e”/?T (5 + a> Io_1/0 (g)

x1/2—a6x/2 T
Ul(a,2a,z) = TKa—l/Q (§>

11.3 Whittaker B%
Definition 11.9.

1
My y(z) i= zt/ 2 be2/2 )1 (5 —a+b,1+2b, :1:)

1
Wap(x) = zt/?+be2/2y (5 —a+b,1+2b, x)
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Theorem 11.10 (73 SFRX).
d2
(3=-

11.4 Gauss DFBLAIEEEL

=~ =
)
S
8
N

Definition 11.11.

TFS [al,...,ar;x] — (CLl;...,ar)’n xn
bla"'ubs OZS: (b17-~'7b5)’nn!
Theorem 11.12.
e’ =oFpy {:,m]
2
sinhx = x oF} {3 x_}
5 4
)
coshx = o} {1 x—}
4
. x2
sinx = x ol { ; Z}

3
2

cosx = oF} {1;——}
5 4

In(l4+z)=xz2F [1 1,—37]
1
2

Theorem 11.13 (ZJHEH).
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Theorem 11.14 (Vandermonde DOfEEX).

] -
£00m)-007)

k=0

Theorem 11.15 (Gauss DB (TEHE).

o] - B

Theorem 11.16.

Theorem 11.17 (Kummer O EH).

a,b F(l
21 [1+a—b’_1] 1

Theorem 11.18 (z = 1 (251} 2 KFk(H).

gt e
2471 at+brs 5| = a
2] T (M) T ()
{a,l—a 1] ()T ()
2F1 g a+b 1+b—a
boz] T()T ()

Theorem 11.19 (Euler F85&mR).

a7b'aj _ F(C) ! b—1 _ p\e—b—1 — xt) ¢
ZFl[c’ } —F(b)F(c—b)/O P11 )11 — ) gt

Theorem 11.20 (Pfaff’s transformation).

a,b | —a a,c—b x
2F1[c,37}—(1—$) 2F1{ c ’_l—x}

Theorem 11.21 (Euler’s ransformation).

2 F {a’cb; 4 =(1-2)""" R [C ST b; 1}
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Theorem 11.22 (Quadratic transformation).

[a,b g lta x?
o] = (1—a) "R |32
2F1 2 x} (1—z)"% 1{%4_ ; _xQ}

[ ’b —a
2 F1 1+aa_b;4 = (1 —-ux) 2F1[

: 1
2F1 2a, 2b 1 2F1 |: a, b .4:5(1 _ x)} ’ (mz < 5)

Lta+b Lra+d
[ a,b g lta Adx
9 . _ —a 27 2 [
2F1 _1—|—a—b’4_<1+x) 2F1|:1+a/_ba(1+x)2:|

.22 g

[ lte }:( 2 )azFl{ ab ,1—m}

1+a-0 1+1—x Il+a—-b 1414z
-avb_ 4:1: _ 2a CL,%—I—G]—b' 2
2F1 _2b’(1—}—x)2:|_(1+x) 2F1|: %—’—b L
(a,b 2 20 Tulig_p (1-yI—z)\
oF yr| = oy 2 | ——
| 2b 1+vV1—2z 5+0b 1+vV1—2z

1 2a—1
a, s +a 1 2
2 F 2 L =
2a Vi—z \1+y1-2

11.5 —fRib S 7B RIBEEL

Theorem 11.24 (Euler f§4&R).

ay...,0r,Q F(b) /1 a—1 b—a—1 aiy...,0r
1 F, e @@t O [ ety . F, cat| dt
15+l |:b1,...,bs,b x} F(a)F(b—a) 0 ( ) bl;...,bs v

Theorem 11.25 (Saalschiitz DFIAZ).

2 a,b,—n . _ (c—a,c—D),
2 lel-n+a+b—c | (c,e—a—b),
Theorem 11.26 (Dixon DOMHSER).
. a,b,c ] TA+9)TA+a—-0l(14+a-l(1+§—-b—c)
Pllta-bl+a—c ] T TA+a)l (1+2-0)T(1+%—)T(1+a—b—c)

S () (i) () -

nez
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Theorem 11.27.

T {a,lj%,—n;ll _(w—a—n—-1)(w—a)

2 (w)n
- a,b,—n 1 (a—=2b,1+¢—b,-D),
32 11 4+a—b1+20—n T (1+a—b%—b-20)

Theorem 11.28. 24+a+b=c+d & L7z & &,

lLa,b | 1 ['(c)'(d) B (1—-c)(1—d)
3£ { c,d ’1] T (c—a—-D(c—b-—1T(@I®B) (c—a—1)(c—b-1)

Theorem 11.29.

PR C [ STt ESESC DT R
File 1 ba—b14a—c T(1+a)T(1+a—b—c)l (2 —b)T (12 —¢)
a,1+ % b,c F'l4+a—-0I(1+a—c)
4F3 a 2 —1| =
S, 14+a—0, l+a—c Fl+a)l(1+a—-b—c)

Theorem 11.30.

a, 1+ - (a —2b,—b),
4F3{%1—|—a—b 1+2b—n’1]: 1+a—0b,—2b),

a1+ n (a—20—1,3%—b,—1-0)
4F3{gl+a—b2+2b—n’1] (I+a—b%t—b—1-2b)

Theorem 11.31 (Clausen’s formula). 1 =b+c+d+n & Uk &,

I —n,b,c,d L @b,2¢,b+¢)p
BN —n-bl-n—-cl—n—d ~ (b,c,2b+2¢),

%:b+c+d—|—ntbf:K?§,

F b6 d (2b,2¢,b+c—5,b+¢),
Y3l —n—-bl-n—c¢2-n—-d | (b,C,%+b+C,26+2c—1)n

Theorem 11.32.

I3 a,1+3,b,¢c,d

s 5, 1+a—-b1+a—c 1+a—d’
I'l+ae-0Il(l+a—-c)l1+a—-dI'(1+a—-b—c—d)
T+ a)l(l+a—-b—c)l(1+a—-b—d)l(1+a—c—d)
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Theorem 11.33 (Dougall DHIARX). 1+2a+n=b+c+d+e &Lkt &,

a,1+35,b,c,d,e,— q
5, 1+a—-b1+a—c1l+a—d, 1+a—e l1+a+n’
~ (I+al+a—-b-cl+a—-b—-dl+a—c—d),
 (I+a-bl4+a—-cl+a—dl+a—b—c—d),

7Fg

Theorem 11.34 (Karlsson-Minton OFIAR). n; Z EEHEE LT,

ink<1—l—a
k=1

D,

—a,b,c1 +n1,...,¢. +my MN1+a)'(140) —
r+2fr 41 L ;1}: ( H )

1+b,61,...,CT F(1+a—|—b Ck

k=1

Theorem 11.35 (Kummer’s transformation).

T b—
1B [Z;x} =e"1F { ba; —x}

Theorem 11.36.

2
a -z
1F1 [2 ,237] = €0l |:%+a7 4]
Theorem 11.37.
a,b,—n_ | (d—a), a,c—b,—n
SFQ[ c,d ’1}  (d)n st {c,l—n—i—a—d’l}

Theorem 11.38.

a,b,c ) o—a 1+a-0 ,2,“2'“.
3F2[1+a—b,1+a—c’_1]_2 3l [1+a—b l+a—c’ 1

Theorem 11.39.

a7ba_n 1 _(w_a’)n %,1_|2—a b1+a— ,— 1N 1
1+a—bw'] = (@), **[1+a—btee=n 1 amumn;

_ — a lta — . —
3F2[ a,b,—n '_1]:(10 a)nF 55 sl ta—w,—n 1}

l4+a—-0b,w (W) 4 3{l—i-a b,—“’a;"”l—i—“g’”’
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Theorem 11.40.

a, b7 c . . F(w - b)F(U) - C) F w2—a7 1+Z§_avb7 C. 1
w—b,w—c

F: =
[ T)l(w—b—c) " * | w—a,g, 452"

Theorem 11.41 (Non-terminating Saalschiitz DFIAX). 1+a+b+c=d+e &L
L&,

2 {a, b,c 11 Il +a—-d)l'(1+b—d)I'(1+4c—d)
2 T'(e — a)I'(e — b)I'(e — o)T(1 — d)
L(e)T(1+a—dT(1+b—dI(14c—dI(d—1)
B T(a)T(H)T(c)T(1 + e — d)T(1 — d)
l+a—d1+b—d1l+c—d
{ 2—d,1+e—d 5%

X 3k

Theorem 11.42 (Quadratic transformation).

a’7b7c 29 2

| —a l+a—b—c 2,152 4x
SFQ[l—i—a—b,l—i—a—c’x}_(l_x) 3Fz{l—l—a—bl—l—a—c (l—x)Q]

Theorem 11.43 (Whipple’s transformation). 1+a+b+c=d+e+ f+n & L%k
L Z,

a,b,c,—n_1] _(e—a,f—a)y

o 4F3[ a,d—0b,d—c,—n 1]

dl—n+a—el—n+a—f
Theorem 11.44.

a,b,c,d
akF [1+a—b 14+a—c, 1+a—d’_1]

T(1+4)Tr(1+a—d | 1Ta—b-egd
_F(1+a)F(1+%—d) l4+4a—-b14+a—-¢
Theorem 11.45.

a,b,c,—n ‘

4F3{1+a—b,1+a—c,w’1}

(w—a)y 7 1+a— b—c,g,H—a 14+a—w,—n ]

_—(w)n 541+a_b1+a_cl+awn1+awnv

I a,1+%,b,—n_1 (w—a)y, 2 _p e 14+a—w,—n 1

453 S l+a—=bw ™| (w), 453 1+a—b—1+a2w”1—|—""5"’
n,b,c,d

4F3{1 n—bl—n—cwl}

(w—d),

dl-n—-b-cl-n—w,—2 152 1]

:Wf)Fél |:1_n_b’1_n_c 1—|—d2w n 1+d— _n;
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Theorem 11.46.

a,b,c,—n '
1Fs [w—b,w—c,w—l—n’l]
_ (w,w—b—c)n5 Y w2—a1, 1+15_a7baca_n .
(w—"b,w—c)y w—a,%,%,l—n—kb—i—c—w
a,1+ 3,b,c
4F3[“’ 1+w—0b, l+w—c 1}
_ LU +w -0l +w—c) [ 55=2be
I(1+w)Il(14+w—>b—c) l+w—a, %,

Theorem 11.47 (Quadratic transformation).

a,1+5,b,c 1+ l+a—b—c 12 1+ ¢ 4o
4F3[ :|:(1— 2 2.

Sl ta-blta—c —xﬂﬂ35{ l+a—blta—c ' (1-x)?
Theorem 11.48.

r a,b,c,d,—n 1
5h4 l4a—-b14a—c14+a—d, 1—|—a—|—n’

(1+a’1+§_d)n |: 1+a—b—c,%,d,—n 1:|
— 414°3

_(14_%,14_&_(1) l+a-bl+a—-cd-—n—-75
n

Theorem 11.49.

a,1+3,b,¢,
5F4[%,1—|—a bl—}—a—cw}
_(w—a—-—n—-1)(w—a),_1 7 l4a—b—c, 3% 1+%1+a-w—n 1
- (w)n 541+ _bl+a_cl+awn1+1+awna

Theorem 11.50. A\=1+2a—b—c—d & L7zt ZE,

a,b,c,d,— ]_(1+)\—a,1+2)\—a)n

1+a —b1+a—cl+a—d2a—2)\—n (T4 X142\ —-2a),

[ /\1+2,‘2‘,1+a b+AX—a,c+AX—a,d+X—a,1+2X\—a+n,—n ]

2,)\+ “L1+A-5,1+a-bl+a—-cl+a—da—A—n1+A+n
a,b,c,d,—n 1]

l+a—-b1l+a—c,1+a—d,1+2a—-2\—n’

A—a),(1+2X—a)p—1(2\+2n —a)

(1+ A2\ —2a),

M+, 3 b+ A—ac+A—ad+A—a,2X—a+n,—n }

2720

.1
X9&[§A+7TJ+A—§J+a blda—cl+a—dl+a—A—nl+A+n
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Theorem 11.51.

a,1+%5,b,¢c,— q
b,1+w —c, 1—|—w—|—n
w—a l4+w—a
{ ,b,c,—n 1]

23 {%,1—#1{)

B (1+w,1+w—b—c)
T lHw-bltw—oc)

1+w—a,2,12+w b+c—w—n’

Theorem 11.52.
a,1+ 5,b,c,d,e
l4a—-b14a—c14+a—d, 1—|—a—e
l1+a—-b—c.de 1
l4+4a—-b14a—¢

6l [

a
27

F'l+a—dT'(1+a—e)
Fl+al(l+a—d—e)®?

Theorem 11.53. A\=14+2a—-b—c—d & L7&&

2 a,1+3,b,c,d, — _ (A=a,2X—a),
P le1ta—blta—cl+a—d, 1+2a—2)\—n (14X, 2) —2a),
)\,1+%,1+Ta,1—|—5,,b+)\—a,c—|—)\—a,d—l—)\—a,Q)\—a—I—n,—n 1
%,)\—9)\+1_—“1+a—b l4a—cl+a—d,1+a—-A—n,1+A+n’

2 a,1+35,b,¢c,d, — q

655 5, 1+a—-bl+a—c1l+a—d, 2+2a—2)\—n

(A =a—-1),2 —a)p1(2A+2n—a - 1),

B (1+ X2\ —2a—1),

A, 1-|-’\,1+—“ I1+35,,b+A—a,c+A—a,d+\—a, 2)\—a+n—1,—n_1
2,)\—— )\+— l+a—-b,1+a—-c1l4+a—d24+a—AX—n,1+X+n’

X9F8|:

Theorem 11.54 (Whipple’s transformation).
a,1+3,b,¢c,d,e,— 1

b1+a—cl—|—a—d1—|—a—el—|—a—|—n

_ (I+al+a—d—e), F l+a—b—c,d,e,—n q

T (Q+a—-dl+a—¢e), *|ll+a-bl+ta—cd+e—n—a

7Fg |:a
5,1—{—@
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Theorem 11.55 (Non-terminating Whipple’s transformation).

a,1+ 5,b,c,d,e, f )

7t [%,14—@—b,l—|—a—c,1+a—d,1+a—e,1+a—f’1]

I'l+a-d)I1l+a—e)l'l+a—-f)T(1+a—d—e—f)

I'l+a)l(1+a—d—e)l'(l14+a—-d—f)I'(1+a—e—f)
l14+a—-b—cd,e,

X aF3 [1+a—b,1+a—c,d+e{|—f—a;1]

+F(l+a—b)F(1+a—c)F(1+a—d)F(1—|—a—e)F(1+a—f)
Fl+a)l'(14+a—-b—c)'(d)(e)'(f)

5 '2+2a—b—c—d—e— f)T'(d+e+ f—a—1)

'2+2a—b—d—e—f)I'(2+2a—c—d—e—f)
¥ oF, {2—1—2@—b—c—d—e—f,l+a—d—e,1+a—d—f,1+a—e—f,1}
2+a—-d—-e—f,24+2a—-b—-d—e—f,24+2a—c—d—e—f

Theorem 11.56.

A=14+2a—-b—c—d,24+3a+n=b+c+d+e+ f+yg
Lz &,

F a,1—|—%,b,c,d,e,f,g,—n -1
W8 le 1 4a—blta—cl+a—dl+a—el+a—fl+a—gl+atn

I4+a,l1+X—e, 1+ AX=f14+A—9g)n
1+MNl+a—el+a—f,l4+a—g),

A _ _ _ _
ngg{ A1+ 2,0+ A—actA—a,d+\—ae,f,g,—n }

%,1+a—b,1+a—c,1—}-a—d,l+)\—e,1+)\—f,1—|—)\—g,1+)\+n;1

Theorem 11.57 (Expansion formula).

r a,b,c,ar,...,a.,—n .
AT N L a—bl4+a—cbi, ..., by’

_ i (14+a—-b—c,ay,...,a,,—n)k(a)ak —x)k
=0 (1+a—b,1+a—c,b1,...,br+1)kk!

X T—|—2Fr+1 |:

a+2k,a1+k,...,a, +k,k—n
b4k, ... b1 +k &

Theorem 11.58.

. . a+b—1 a+b
. . — 2 2 .
o1 {a,x}oFl [b,x] oI5 [a,b,a—l—b—le]

— — — IQ
oo o 2]
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Theorem 11.59.

Theorem 11.60.

- - (-D"(a+b—1),
F . F . — n
! {64 [b ””1 §<a,b>n<a,b,a+5_1>2nn!x

Theorem 11.61 (Clausen’s formula).

r a,b 'a:_2— 2a,2b,a+b 'a;
Ui ta+b] PP S +ta+b,2a+20
[ ab ) 1 a,b | 2a,2b,a + b )
2I L patb”] 24 [a+b—%’x}_3FZ [%+a+b,2a+26—1’4
a,b a,b—1 | 20,20 —1,a+b—1
281 g 4 p— 137] 21 {a+b ;’x] 3F2{a+b—%,2a+26—2’4
- 2
aab a,b’a_—‘,—b 1
2F1 _1+g+b;$} =3k LH—b, 1+g+b;4x(1 —90)] ) <%x < 5)

11.6 Bilateral #B%&/A#k%K

Definition 11.62.
H a/l)"'aa’r'_w — i (alu"'7a7“)nxn
e P 1y bo)m

Theorem 11.63.

Theorem 11.64 (Dougall DFIAR).

1, [a, b 1} T(c)D(d)(1 — a)T(1 —b)T(c+d—a—b—1)

c,d | I'(c—a)l(c—b)I'(d—a)l(d—b)
Theorem 11.65 (Bailey DFIA).

e F—af =) - A+ f-c)d+f-d)
B f
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Lz &,

ab14f ] LTI - a)l(1—bl(ctd—a—b—2)
3H3[ J}_A (e —a)T(c — D)0 (d — a)T(d — b)

Theorem 11.66.

b,c,d
l4+4a—-b14a—c, 1+a—d’

7aT(1—b)I(1— )Tl —d)I(1+a—bI(l+a—)T(1+a—d)

2 'l+a—b—c)I'l+a—-b—d)(14+a—c—d)
F(1+3—b—c—d)

T+l (+%—ol(1+2—d

Theorem 11.67.

3H3 [

1+ 5,b,¢,d
4H4 |:% 1+a—b 1+CL—C l—l—a—d’ }
_ 2, malA =D -l -dT(l+a=-bl(l+a—cl(1+a—d)
= 2 IF'l+a—-b—c)’(l+a—-b—dI'(l1+a—c—d)

(b e d)

X

(5 =0T (52—l (52 —d)
1+ 35,b,c,d
4H4[%,1+a b1+a—cl+a—d’_1]

_sinma'(1 =b0)I'(1 —c)I'(1 —d)[(14+a—0)I'(1+a—c)I'(1+a—d)
- 7a Fl+a-b—c)(14+a—-b—d)'(1+a—c—d)

Theorem 11.68.

I 1+ 5,b,¢d,e 1
5575 5, 1+a— bl+a—cl+a—d1—|—a—e
_sinTaI'(1 - b)I'(1 — ¢)I'(1 — d)I'(1 —e)
7w T(l+a—-b—c)l'(1+a—-b—d

)
'l+a-0I'l4+a—c)I'l+a—d)l(1+a—-e)l'(1+2a—b—c—d—e)
'l+a—-b—e)l'l+a—c—dT(1+a—c—e)l'(l+a—d—e)
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Theorem 11.69.

1+ 5,b,¢c,d,e, f '

616 {%,1—|—a—b,l+a—c,1+a—d,1+a—e,1+a—f’_1

sintaT(1-0T1—-c)l'(1+a—-d)T(1+a—e)l'(1+a—f)
- Tma 'l+a—b—c)
X( Nl+a—d—e—f)

'l+a—d—-e)l'14+a—d—-f)I'(14+a—e— f)
d,e,

X3l [1+a—b,1+a—£d+e+f—a;1]
N s 'l+a—-0I'(1+a—c)

sinm(d+e+ f—a) L(d)I'(e)'(f)

1

><F(2+2a—b—d—e—f)F(2+2a—c—d—e—f)

o F l+a—d—-el4+a—-d—f,14+a—ec—f 1
372194 2a—b—d—e—f,2+2a—c—d—e— [

11.7 Appell ##k

Definition 11.70.

[a; n+m b n b m
S CCTC I IR

c oS (€)ntmnim!

j28 -aé bl;bZ;x, } — Z (a)n+m(b1)n(b2)mxn m

| c1, 6 W (c1)n(c2)mn!m!

F3 a17a2;blab2;x7y:| — Z (a].?bl)n(blabZ)mxnym

c oS (€)ntmnim!

(avb)ner n.m
Z (cl)n(cQ)mn!m!gj 4

0<n,m

Fy a,b 'x,y] =

_Cl7 02,
Theorem 11.71.

£ [ a;b,b ,ezﬁi/g,e_zm/g] _ F(l:g 1+

1+a-—-0

ir/6 _—im/6

) {1—a;a,a'e e

e T g IO
b VB VB | T Tt or (22
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Theorem 11.72.
Fl a; bl’bZ;x,x} — 2F1 [a7b1 + b2,$’:|

P a; bl,bg;l’xl _ [(c)T(c— a—blg JF, {a,bg ;x]
a

c I'(c—a)l(c—b; c—b
_a;b,c—b_ - —a bz —vy
Fl_ c ,%y}—(l—y) 2F1|:Cal_y:|

Theorem 11.73.

a,c—a;b,c—b atb—c a,b
Fs{ 950,?1}:(1—9) + 2F1{C;$+y—$y}

Theorem 11.74.

M b
C1,C2 01702701+02_1

c1+co— 1 01+C2
F4{a’b‘a:,x}:4F [ X 2 44

Theorem 11.75 (B3 FR).

1
F |:(l b17b27x7y:| a) / ta—l(l o t)c_a_l(]_ . :L,t)—b1<1 _ xt)—bz dt
0
a; by, by I'(c1)I(c2)
Fy
|: C1,C2 ’x7y} F(Cl — bl)F(CQ - bg)

X / / sbl*l(l — s)cl*bl*lt@*l(l — t)cz*brl(l —xs —yt)”*dsdt
0o Jo

2 a1,a2;bl,52_$ _ I'(c)
3 c B ['(a1)T'(a2)l'(c — a1 — a2)

< / 110211 gg) b (1 — yt) P2 (1 — 5 — )1 dsdy
0<s+t<1

Theorem 11.76 (F; OZE#ARN).

[a; b1, by | —b —b c—a;by, by x Yy
F . —(1— 1(1 — 2 [ . _
1_ c 751:7y_ ( .’L‘) ( y) 1 c ’ 1_1.’ 1_y
_a;bl,bz 1 _ c—a—b by c—a;c—by —by,by  T—Y
Fl_ c 7xay— —(1—2’!) (l_y) Fl c 7x11_y
[a; by, by L1 oN—bif1_ ove—a—bop |C—Gibi,e—b1—by Y —T
Fl_ c 7$7y_ _(1 .T) (1 y) Fl c 71_x7y
[a; by, by 1 _ a;c— by — by, by r y—=x
F : =(1- I g
1_ c 7xay— ( CL') 1|: c ) 1—3?’1—33
[a;b1,b —a a;bi,c—by —by T —
Fl ! z;xay :(l_y) F1|: ! ! 2; y7_ Y :|
| ¢ | ¢ -y 1-y
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Theorem 11.77 (Fy, DZEHRAN).

Y

—a' bl b2 | _ a Cl—bl b2 T Yy
F ) ) . — 1_ CLF ’ ? .
2 e e ’x’y_ (1-2) 2[ ci,e2 T 1l—2'1—x
[a: by, by | _ a;bi,co—by Y
F 3 ) . — (1 — a 9 9 . __d
2_61,62 7xay_ ( y) 2|: c1, s al_y7 1_y
[a;b1,b0 ] —ap |@;c1 —b1,c0 — o x
F2 _C1,C2 ,.I‘,y- _(1 r y) F2|: c1, Co

Theorem 11.78 (F3 DZEHAN).

a,c
5|

et~ |

Theorem 11.79 (Lauricella #8(#k%%).

95,

Theorem 11.80.

(@)n = (a1)n, - (@r)n,

1—x—y’_1—x—y

a;b17b2_

Y

Y

n

|

xr

n

_mam}: (D)
| C ! = (C)nnll"-nr!
a;b, w} =y (@)n(b)n
| C ! 0<n (C)n1+...+nrn1!...nr!
_a,; b _ (a)n1+~..+nr (b)n1+...+n71 "
C ,CE:| B Z (c)nnllnr| T

L =
a; b w} = Z (a)n1+'“+nr(b)n
L C ’ 0<n (C)n1—|—...+nrn1!...nr.
_a;bl,bQ,x —F a;bl’bQ'x
_CI;CQ L, Y 2 1, Co y L, Y
_al’a%bl’bz'x = F ar,ag; by, b,

b 7y — 3 .

[ ab

| C1, C2

a; by

C

7b2_

?

a;b
7x7y:| - F4 |:Cl’c2>x7y:|

1b1,b
xvy:| :Fl |:a é Q;xay:|
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Theorem 11.81.

(r+1) | a; b, b F(C)P(C —a— b) ) | @ b
F jx, 1| = F .
D l c T ] Tle—al(c—b) P le—b"

Theorem 11.82 (B #&R).

(r) CL;b_m — F<C) . a—1l/1 _ 1\c—a—1 - — —b;
5[] = e [ 1o o

1=1

12 q RF5REEER

12.1 g-Pochhammer i2&
122 ¢ HY~EH

Definition 12.1.

Fq(x> = (1 _ q)l—:v (Q; Q)oo

Theorem 12.2 (FEEEH).

Tﬁrqn (a} v %) _ (11—_q;>1_m rq(m)ﬁrqn (%)

k=0

123 g R—%EH

Definition 12.3.

o Ly(2)ly(y)
By(z,y) == T,xty)
13 ¢ @B
13.1 ¢ HBE{rREEK
Definition 13.1.
ay,...,ar | (a1, ar;@n 63 )
T¢3 [bl""’bs,q’x:| o o<n (b17 -abs;Q)n <(_1) q( )> !



&0 g THBHGEI,
aiy ..., 0r L aiy...,0¢r

T¢8 |:b1,...,bs’$:| L T¢S |:b1,...,bS’Q7x:|

CHERCS 5.

Theorem 13.2 (¢ —JHEH).

o [%52] = 0

Theorem 13.3.

— 1
0 [%‘x] T (5 9)
Theorem 13.4.
s a b] _ (b/a;q)
el T (hg)ee

Theorem 13.5.

¢ [a,q_” bq_n:| (b/a’Q)n

S I N (7
a,q " (b/a;q)n ,

“bl[ b ’q} (b ).

Theorem 13.7 (Heine D FIAIN).

ab, g} _ (¢/a,¢/bi @)oo

201 [ c’ab (¢, c/ab; q) oo

Theorem 13.8 (Bailey-Daum OFIAZN).

i’ [a,b__g] (4 9)so(aq, ag? /6% ¢%)
2P aq/b b | (ag/b, —q/b; @)oo

Theorem 13.9.

s [G,Q/a_ —b] _ (ab,bg/a; %)
292 b, _qa (b,g)oo
a,b } (aq,bq; ¢*) oo

22 [vab —vabg | T (q, abg; )
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Theorem 13.10 (g-Saalschiitz DFIAZ).
by | BOOT N (¢/a,c/b;q)n
372 e, abqlfn/c’q ~ (c,c¢/ab; q)y
Theorem 13.11 (¢-Dixon OFIAX).
o6 { a,—ag,b,c ﬁq] _ (ag, aq/be, Vag/b, Vag/c; ¢)s
> |=Va,aq/b,aq/c (aq/b, aq/c, v/aq,/aq/bc; q)oo
Theorem 13.12.
(b a, \/Eq7 ba c . . \/Eq — (GQ7 aq/bc, _\/EQ/bu _\/EQ/Ca Q)OO
" va,aq/b.ag/ebe | (ag /b ag/e, ~/ag, —ag/be; ) o
Theorem 13.13. [b| > 1 D& &

won [ ey 5] =

Theorem 13.14.

{ a,v/aq, —/aq,b,c ,aq _ (aq,aq/bc; q) s
505 (

be)  (ag/b,aq/c;q)o

Vva,—/a,aq/b,aq/c,0" be

Theorem 13.15.

y a,v/aq, —/aq,b,c,d  aq| _ (ag,aq/bc,aq/bd,aq/cd; q)oo
ore Va,—a,aq/b,aq/c,aq/d bed| — (aq/b,aq/c,aq/d,aq/bed; q) o

Theorem 13.16 (Jackson DFIAR). a?¢'™" =bede & LTz & &,
4 a,v/aq, —/aq,b,c,d,e,q" 4| = (a¢04/bc, aq/bd; ag/cd; q)n
8T \/_,—\/E aq/b,aq/c,aq/d, aq/e, ag+™ (aq/b,aq/c,aq/d,aq/bed; )y,
Theorem 13.17 (g-Karlsson-Minton OFIA).

a,b,c1q™, ... cpqr qlTmiT T ~ (g,bq/a;q) o (ck/b; Q) ny, , n
s Uy ) ) . bk
T+2¢T+l |: ’ ( /(1 an H ck q ng

bqacla---acr a
a Clqnl e an‘ q—nl_...—nr B oy,
T+1¢’f’ |i ’ Cl,-’--gér’r 77 _07 (‘q " " ‘ < ’a’)

Theorem 13.18.

101 [ b ;x} = (2;¢)c 192 [ ¢ ;b—x}

b,l‘ a

101 B;x} = (2;¢) 00 002 {a,_x;ax}

(05 @)oo 101 [béa,c} = (¢ )0 101 [Céa;b}
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Theorem 13.19 (Heine’s transformation).

" [a,cb; x} _ (b, ax; q) 0o Vb1 [c/b,x; b}

(6,25 ¢)oo ax

(C/ba bx:‘])oo abCC/C,b C
= = |0
I CLTET [c/a,c/b. g}

(T3 @)oo c e

Theorem 13.20 (Jackson’s transformation).
b ar;q)oo b
201 [a, ;ZC} = —( 2 202 {a e/b, I}
¢ (#: @)oo
Theorem 13.21.

Theorem 13.22.

[a,q™ ] (b/a;q)n a,axq " /b,q" "
201 b ,:c_ T 392 1= /p, 0 i q

a,q7" 1 _ (b/a;@)n,, a,q/z,q " T
201 b 71’_ = o) ——b" 3¢ 1= 5

[ b -n | —nNn b a? _n70
201 a% ;x| = (axq /b;q)"?’@{ébg/ax ;CI}

Theorem 13.23.

a,/aq, —/aq,b,c,d, e aq
7¢7 Va, —/a,aq/b,aq/c,aq/d,aq/e,0 bede

_ (ag,aq/de; q) s aq/be,d, e aq
(ag/d,aq/e;q) > ° |ag/b,aq/c be

Theorem 13.24 (Watson’s transformation).

4 a,/aq, —/aq,b,c,d, e, g " a*g*tn

897 | \/a, —/a,aq/b, aq/c, aq/d, aq/e, ag™™ "bede

_ (aq,aq/de; q)n, s [ aq/be,d,e,q—" q]
(agq/d,aq/e; q)n aq/b,aq/c,deq™"/a’
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13.2 Bilateral ¢ #B2%{rEI%K

Definition 13.25.

A1y...5Qp L = (a17'~'7ar;Q)n n
rr |:b17...,br7q7x:| o n;@ (bl,...,br;q)nx
JEM g D& Z T,
aiy ..., 0r, L aiy...,Qr
T,lvbT |:b]_,...,b»,~7x:| '_Tqvbr |:b]_,...,b»,~’q’x:|
CIFELT 5.

Theorem 13.26 (Jacobi @ =H&H).
(@.2,0/10)0 = > (~1)"q(2)a"

n=—oo

Theorem 13.27 (Ramanujan OFIAZ).

a. | _ (az,q,b/a,q/az;q)o
] =
14 FBEBTREEEL
14.1 Lambert W EE%K

Definition 14.1. q IZ22DWTD HFEK,

ae’ =x
Dt % Lambert W BIE X W, W(z) TRT. HIRIEME, 2 > -1, W(z) < -1 287
5222k, —flifdEE 25,

Theorem 14.2 (FfikfH).

W(0)=0
W (2ln2) =1n2
w _é) 1
Wi(e)=1
w'(0)=1



Theorem 14.3 (fFEFER).

14.2 Mittag-Leffler B3%&

Definition 14.4.

15 HGEmBIEEK

15.1 Mobius FE#

Definition 15.1. n 2F AR TAH DL &,
p(n) =0

n BMHEZL r HORKBOMIZ M TE L L E,

Theorem 15.2. H\WMZFER n,m XL T,
p(nm) = p(n)p(m)

Theorem 15.3.

Theorem 15.4.
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Theorem 15.5 (Mobius O KEEAN).

g(m) =3 £(d)
d|n
ThbHLZ, .
fn) =Yg (%)
d|n

Theorem 15.6.

1 o)

¢(s) & n

15.2 HEEAH
Definition 15.7.
d|n

o(n):=o1(n)
d(n) := og(n)

Theorem 15.8. n,m B"HWIRZTHD L X,
oz(nm) = o, (n)o,(m)

Theorem 15.9.

oz(n) = Z b* ! cos 5

0<a<b<n

Theorem 15.10.

15.3 Euler @ o FEA%K

Definition 15.11.



Theorem 15.12. n O ZRE iR %

T
o= 11
=1

LIHLE,

15.4 Von Mangoldt BE%k

Definition 15.13.

Inp, dp:prime, Ir <1, n=p"
A(n) = .
0, otherwise

Theorem 15.14.
Inn = Z A(d)
d|n

A(n) ==Y pu(d)Ind

d|n

Theorem 15.15.

155 B

Definition 15.16.

2)00 =Y p(n)g"

(¢; =
Theorem 15.17 (Ramanujan OHFEZ).
p(bn+4) =0 (mod 5)
p(Tn+5)=0 (mod 7)
p(1ln+6) =0 (mod 11)
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Theorem 15.18 (n = oo IZH 1T 2ERR).

Lz
n)~ (& 3
p(n) 3

15.6  Sum of squares function

Definition 15.19.

Tk(n) = #{(Ch,...,ak) EZk;n:a%_}_..._}_a%
Theorem 15.20.

ro(n) =4 (=1)1H72

2td|n
ra(n) =8 Z d
4¢d|n
rs(n) =16 (—1)"~4d?*
d|n

Theorem 15.21.

15.7 Chebyshev E8%K

Definition 15.22.

U(x) = Z Inp

p<z, p:prime

Y(x) =) Aln)

n<x

Theorem 15.23.

P(x) = Z v (a:”")

0<n
Theorem 15.24.

lem(1,2,...,n) =¥

Theorem 15.25. p I& Riemann ¥ — X BMOIEHPLE SR 2 2 T5.

1 1 P
YEx)=z—=In{1l—-——= | —In27 — T
2 x? P
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15.8 Mertens FE%KX

Definition 15.26.

Theorem 15.27.
r > M(x)

¢(s) -7 o st

Theorem 15.28. 1 %% 2 i Chebyshev B#(& 4 5.
Y(z) = ZM (%) Inn
0<n

15.9 FRENGTEEAH

Definition 15.29.

m(x) = Z 1

p<z,p:prime
Theorem 15.30 (FEEEH).

m(x)Inx

li =1
Tr—r0o0 €T
15.10 HF¥E—vEH
Definition 15.31.
P(s) := is
p:prime p

Theorem 15.32.




15.11 Riesz %K

Definition 15.33.

Riesz(w) = Z mxn
Theorem 15.34 (fh#FrR).

: 6z p(n)
Riesz(z) = = —i—xz ?(e /m" 1)
0<n
Theorem 15.35 (Mellin Z5#).
° r 1
/ 257! Riesz(z) dxr = L+l
0 C(_QS)
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