A ¢-ANALOGUE OF LI'S THEOREM AND THE AOKI-OHNO
RELATION

TAKUMI MAESAKA

ABSTRACT. Li’s theorem generalizes the Kaneko—Ohno duality for multiple zeta-star
values. In this paper, using a result of Takeyama and a summation formula for basic
hypergeometric series, we establish a g-analogue of Li’s explicit gamma-function eval-
uation. As a consequence, we obtain an alternative proof of Li’s theorem. We also
establish a g-analogue of the Aoki—Ohno relation for multiple zeta-star values.

1. INTRODUCTION

Given an index k = (ki,...,k.) € (Zso)" with k. > 2 and a complex number ¢
satisfying |¢q| < 1, we define the multiple zeta-star values and their g-analogues by

¢*(k) = Z k1 !

0<ng <--<my ny o ’I'L,,]f"

I T D G i

a ' _ an1\k TR
0<ni<---<ng, <1 q 1) ! (1 q )

We also define

" (u, v, w) = Z Z (k) | s w

0<s<r<k \ kely(k,r,s)

@;(u,v,w) = Z Z G (k) T ks

0<s<r<k \ ke€ly(k,r,s)
as formal power series in u,v and w, where
Io(k,’f’,s) = {(kl,...,kfr) € (Z>0>T;k1 ++l€r == k,#{l S 1 S T,k}z Z 2} = S,kr Z 2}

Sums of multiple zeta values with prescribed weight, depth and height were system-
atically studied through generating functions by Ohno and Zagier [OZ]. In the star
case, Aoki and Ohno [AO] obtained an explicit formula for sums with fixed weight and
height, and Aoki, Kombu and Ohno [AKO] subsequently studied the three-variable gen-
erating function ®*(u, v, w). Kaneko and Ohno [KO] proved a duality-type relation for
multiple zeta-star values of height one and conjectured its extension to arbitrary height.
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Yamazaki [Y] gave an alternative proof of the height-one case using the generating func-
tion of Aoki, Kombu and Ohno. The conjecture in full generality was proved by Li [L],
who established the stronger gamma-function identity stated below.

Theorem 1.1 (Li [L]). Let a and b satisfy a +b = —u+ v and ab = —uv — w. Then
the following identity holds:

ud®*(—u, v, w) — vP*(—v, u, w)

u—v F(a)'(1 —a)I'(0)(1 =) (u+ a)'(u+ b)
= A b
where
1
A(u,v,a,b) = — (C?S 0S5 4 cos m(a —b)(cot mu — cot 7w)> :
27 \sinmv  sinwu
For complex numbers a, ay, ..., a, and a nonnegative integer n, we define the g-shifted

factorials by

(a: )y = 1 n=~0
DT a1 —ag) - (1—ag™) n>0’

_ (o)
(q/a;q)n

[e.9]

Hl—aq

7=0
For n € Z U {oo}, we also set

(a1, ... ar;Q)n = (@1;Q)n - (ar; @)n.

Several g-analogues of multiple zeta values and multiple zeta-star values have been
studied, and different g-models are suited to different classical identities; see, for exam-
ple, [0O, OT, OOZ]. For the non-strict model considered here, Takeyama [T] expressed
the generating function ®}(u,v,w) in terms of a basic hypergeometric series. In the
present paper, we combine Takeyama’s formula with a limiting case of Bailey’s 41
summation to obtain a g-analogue of Li’s gamma-function identity. After a suitable
rescaling of the variables, its limit as ¢ — 1~ recovers Li’s identity, while a specializa-
tion of the same generating function yields a g-analogue of the Aoki—Ohno relation.

Theorem 1.2. Let a and 8 satisfy o+ = llf’;’ +1—wu and aff = }:Z Then the
following identity holds:

j—y

v—u (1 75’1 uq’laqu71 u’qqq)

uv + w B (CY,Q/O%Ba(J/ﬁvﬂ’l—v’q)oo
vV—1U

= o+ w (1 — €Xp (Qq(uyvvw)))

u®y (—u, v, w) — v®; (—v,u,w) =
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where (q(k) = (;(k) for k> 2, and

=27 Z D (k)

2<r

Oy (u, v, w) = —L, (” - “) ~ I, (“ — U) + Lyla—1) + Ly(a™t = 1)

1—w 1—u

+Lq(5—1)+Lq(@—1—1)—Lq< a —1)

1—u

B u v
-t (75 -1) () e (75)

whenever all expressions involved are well-defined. In particular, for any positive integers
m,n and s with m,n > s, we have

(=™ > G(k) — (—=1)" > G (k) € QI¢(2),6(3), .- 1.

kelp(m+n+1,n+1,s) kelop(m+n+1,m+1,s)

By setting w = 0 in Theorem 1.2, we obtain a g-analogue of the Kaneko-Ohno duality
[KO].

Corollary 1.3. The following identity holds:

1—u
_ (1 mﬂl 4, q; Q>
u®y(—u,v,0) —vd;(—v,u,0) = v-u 7 Sl
uv (1-“,1 u? 1— u’(]' )q’ l—v’l—v’q)oo
In particular, for any positive integers m,n, we have
(=", m+1) = (=1)"¢GH1}™ n+1) € Q[¢(2), ¢(3), - -],
where {1}" denotes the index consisting of r copies of 1.
Aoki and Ohno [AO] proved the following identity.

Theorem 1.4 (Aoki-Ohno [AO]). Let k and s be positive integers satisfying k > 2s.
Then the following z'dentz'ty holds:

Z Y K ( _11)(1—21-k)g(k).

r=1 kely(k,r,s)

This relation can be written as

(u, u, w —22 (n—u)?

0<n
We establish the following g-analogue of the Aoki—Ohno relation.

Theorem 1.5. As a formal power series in u and w, the identity

U — ”1() U
®*<u,m’w)_z(( 1) q\? (1+(1+ )Q) ((1+u>q)n

= (1-(1+u)q) —wl+u)g

holds.
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Indeed, making the substitutions u — ¢~ — 1 and w > (1 — ¢*)?, multiplying both
sides by (1 — ¢)?, and then taking the coefficientwise limit as ¢ — 17, we recover the
generating-function form of Theorem 1.4 with w replaced by w?.

This paper is organized as follows. In Section 2, we prove Theorems 1.2 and 1.5
using a result of Takeyama and a summation formula for basic hypergeometric series.
In Section 3, we derive Theorem 1.1 from Theorem 1.2 by taking the limit ¢ — 1.

2. PrRoOOFSs OF THEOREMS 1.2 AND 1.5

The following formula is a g-analogue of the Aoki-Kombu-Ohno formula [AKO]. Tt
was proved by Takeyama [T].

Lemma 2.1 (Takeyama [T, Theorem 1.1]). As formal power series in u,v and w, the
identity

Z (¢, (L +u)q; Q)n—1q"

@*uvw
= [l (L= v = ¢F)(1 = (1 + u)g¥) — wgh)

holds.

For later use, we rewrite Takeyama’s formula in a form suitable for applying summa-
tion formulas for basic hypergeometric series.

Lemma 2.2. As formal power series in u,v and w, the identity

POTORTR Y bk L ) )

— — . ny _ n _q .
—(l—v—g¢)(1—(1+u)g") —wq - q
holds.
Proof. Using a partial fraction decomposition with respect to w, we obtain

(¢, 1 +u)qg;q)n19"
Z%Hk (T =v=¢"(1 = (14 u)d*) —wg")

1
_Z (1—v—g)(1 = (1+u)q")qg

0<n

> (¢, (1 +u)q; @)r1q"
) Hljﬁiék (I=v=¢)1=(1+u)g)g? —(1-v—g)(1—(1+u)g")g™)

= ! (@, (1 +u)q; )r-14"
= ; (1—v—gM)(1—(14+u)q") —wg" ;ﬁk Hl%ﬁ%k T—g " (l—v—(1+u)g)
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Applying Heine’s summation formula (see Gasper and Rahman [GR, §1.5]), we obtain

(¢, 14+ w)q; @)p—14"
= L M=) (1 —v = (14 u)g/*n)
nsk S S

(4, (1 +u)q; Q)n q" 3 (q", (1 +u)q"; @) ( q )k

(' T q)n—l (1 —o)nt 0<k (¢, Tyt q)k; 1-v
(¢, (1 + w)q; @)ns o (),

(g et g) (L=t (i)

«JW*Jﬁu—v—u+mm%xu+ummnl< q y{

(t%5:9),

This completes the proof. O

Proof of Theorem 1.5. Substituting v = - into the identity in Lemma 2.2, we obtain

o u o D - A0 (14 W Qe ,
b (u 1+ u’w) N ; (o — ) (1= (1 +u)g") —wg" ((L+u)gq), (L +)9)
e DB 1w .
N ; 0T 0 —witog L Tw9"
O

To prove Theorem 1.2, we use the following limiting case of Bailey’s summation
formula.

Lemma 2.3. The identity

3 (=1)"¢3) (1 — ag®)(b,c, d; ) <@)” _ (aq,aq/bc, aq/bd, ag/cd, q,q/a; @)
(1 —a)(aq/b,aq/c,aq/d;q), \bcd (aq/b,aq/c,aq/d,q/b,q/c,q/d; q)s

ne’

holds.

Proof. Bailey’s summation formula [GR, §5.3] states that

(1- ann)(b’ c,d,e;q), a2q "
Z (1 —a)(aq/b,aq/c,aq/d,aq/e;q)n (bcde)

nez

_ (aq,aq/bc,aq/bd, aq/be,aq/cd, aq/ce, aq/de, q,q/a; q)
(ag/b,aq/c,aq/d,aq/e,q/b,q/c,q/d,q/e,a*q/bede; q)oe”

Letting e — oo in this identity yields the desired result. O
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Proof of Theorem 1.2. Applying Lemma 2.2, we have
u®; (—u, v, w) — v®; (—v,u,w)

o (DB —o— (1 —we®) (I—wiq)a [ g \"
-3 (%)

(l—v—g)(1—(1—u)g") —wg" (L:q) \1—v

e (D a0 v (g \"
> (%)

b (L) = (L= 0)g) —wg” (3559), \1—w

e ) (—we) A —wg) (g )
> (%)

_0<n (I—v—¢")(1—=(1—u)g") —wg® (131};(])” 1—0

+3° (=) (1 —v — (1 — w)g?) (1—U;Q)n( q )"

—(l—v—g)(1—(1-ug") —wg" (7%59), \1-v

v-u (1" —v—(1—u)g) L-uqh ( g \"
T ()
(1

——v—g)(1-(1-u)q") —we" (L:9), \1-v

Applying Lemma 2.3, we obtain

(g1 —v—(1—wg™) (I—wq) [ q \"
> (%)

—(1-v—g¢)(1-(1-u)g") —we" (%;q9) \1-v

1 (~1"ql®) (- =) (@Bl —wg)e (g )"
a (1—04)(1—5); (aq, 89, 7%5:9) (1—U>

—u 1—

(1 v? 1— uq’ az’l u’q q’q)
(aaq/a7ﬁ7q/ﬁ71_ua1_U7Q)oc

Next, we prove the second equality. As an identity of formal power series in X, we have

T :H(H %)

0<n 1__q

o (S (14 2))

~ exp (02 <—1>:1X* (1 g”qny) |

Using the following identity, which is easily proved by induction on r

2 (75) -per o et

0<n k=2 0<n

—_
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we obtain
(=g _ (5~ DX (N~ o ey
o (; . (kz:;( 1)""¢q (k) + (=1) ; . _qn)>
— exp (—Lq (—X) —In(1 - X) ; : - qn) .

Applying this identity, we obtain

l-u 1-v, oq _Pg .
(171}’ 17uq7 1—u’ 1—u’ 4 4 q)oo

(ava/a,B,4/B, 15, t5:9)
1- Lo (;l[_TZQ7 L;Z(L %7 16__qu7 q,9q; Q)

1—v 00
(1 - Oé)(l - 5) (aq7Q/a7ﬁQaQ/5? ﬁ)ﬁv(Z)oo
= e exp(Qy(u,v,w)).

Set Ry = Q[(4(2),(4(3),...]. Since €, is symmetric in o and /3, and since
o +/87Oé6 € Rq[[uvvaw]L

we have Qq(u,v,w) € Ryl[u,v,w]]. When w = —uv, we may take a = 1,5 = =%

Direct substitution then gives Q,(u, v, —uv) = 0. Hence, uv + w divides Q,(u, v, w)iin
R,[[u,v,w]]. Since 1 — exp(£,) is divisible by €, it follows that

V—U

wv + w(l B eXp(QtZ<u7U7w))) € Rq[[u,v7 w]]

The coefficient of u™ sty =5+t15~1 on the left-hand side is

(—1)ms > C(k) — (—1)"* > (k).

kelp(m+n+1,n+1,s) kelo(m+n+1,m+1,s)

Multiplying by (—1)* gives the last assertion. O

3. DERIVATION OF THEOREM 1.1 FROM THEOREM 1.2

In this section, we derive Theorem 1.1 as a limiting case of Theorem 1.2. Throughout
this section, we assume that 0 < g < 1. For k € Iy(k,r, s), we have

Jim (1-¢)*(1=¢")"" " (1= ¢") (1= ") ¢ (k)

o 1— qu k—r—s 1— qv r—s 1_ qw 25—2 (1 )kg*(k)
_qg{l— 1—gq 1—g¢q 1—g¢q Y

— uk_T_SUT_SUJZS_QC*(k?) )

Hence, we obtain

lim (1 —¢)°®;(1—q¢"1—¢" (1—q")%) = &*(u,v,w?).

q—1-
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Put Uy =1—-¢q¢",V,=1—¢", W, =1—¢". Then, by the same coefficientwise argument,
qligl,(l - Q>(qu)2(_Uqa ‘/tb W(]Z) - V:ICI);(_VZD Utb Wq2))

= ud®*(—u, v, w?) — v®*(—v,u, w?).

Moreover,
Ve = U - —
lim (1 —q)—t—1L = L
g—1- UVg+ W2 uv+w? ab

Thus, it remains to prove the following proposition.

Proposition 3.1. Let o = a(q) and 5 = B(q) satisfy
a+f=q"(1+(1-¢")?)+q", ab=q¢"",
and let a and b satisfy
a+b=—u+v, ab = —uv — w?.

Then the following identity holds:

(" Y, ¢ " g™, Bg T, q, 45 q)
1 _ [ee]
ql}{l_(l q) (aaQ/aaﬁaQ//Baql_uaql_v;Q)oo
- P(a)T(1 — a)T(B)T(1 — b)T(u + a)T(u + b)
= —A(u,v,a,b) T ()T (o) )

Proof. Write o = ¢=%, 3 = ¢~¥. Using the g-gamma function (see Gasper and Rahman
[GR, §1.10]), we rewrite the left-hand side of the identity as

(¢“ Y, ¢ " g™, Be 4, 45 9) o

I—gq

( ) (a,q/c, B,q/B,¢4 %, ¢4 q) o

B Fq(—a’)l—‘q(a/ + I)Fq(—b’)l—‘q(b’ + 1)Fq(1 - u)Fq(l — U)

C Tu—o) (1 —u+v) D (1 —u—a)l(1—u—¥) "
Under the conditions

T+ =g I+ (1 - +q", g =q",

we choose continuous functions o’ = a/(¢q) and ¥ = V/(q), defined for ¢ sufficiently close
to 1, such that a’ + 0 = —u+v = a+ b. It is straightforward to verify that the limits
lim, ,;- @’ and lim,_,;- b" exist. We then have

1 — v—a' 1— v—b'
lim (v—d')(v—"V)= lim a a

q—1— —1- 1 q 1-— q
vi,—v _ ,—a b u
_ gy L —a 4 qY)
g=1- (1—q)?
1—qg® 2
= — lim ( a)
=1 (1 —¢)?
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Thus, lim, ;- a'b/ = —uv — w? = ab. After interchanging a’ and V' if necessary, we may
therefore assume that lim, ,;- ' = a and lim, ;- b’ = b. It follows that

(¢“ v, ¢, g, Be T, ¢, 45 9) o,

41" (o, g/, B,q/B,q" ™ 4" "5 )
_ L (—a)Ty(@ + 1)L (=b)T,(V + 1)Ty(1 — u)Ly(1 — v)
o1 Tyu—0) (1 —u+ )l (1 —u—a)Ty(1—u—¥)
I'(—a)l'(a+ (=) + 1)I(1 —u)(1 —v)
MNu—v)I'l—u+v)I'(1—u—a)l'(1 —u—>)
F(a)'(1 = a)T(O)T(1 —b)(u+ a)l'(u+ b) sinm(u — v)sinm(u+ a) sinw(u + b)
I'(u)(v) 7 sin 7u sin v '

A direct calculation gives

sin(u — v) sinm(u + a) sinw(u + b)

7 sin 7w sin T
_ sinm(u — v)(cosm(a —b) — cosm(u +v))

27 sin 7w Sin v

1
= — (cos m(a — b)(cot mv — cot Tu) —

sin7(u — v) cos m(u + v)
2m

sin 7 Sin v

1 sin 27w — sin 27v
=5 | cos m(a — b)(cot mv — cot Tu) —
T

2 sin T sin v

1
=3 (cos 7(a — b)(cot mv — cot Tu) —

= —A(u,v,a,b).

COS TU n CoS 7TU>
sin v sin Tu

This completes the proof. U

Combining Theorem 1.2 with Proposition 3.1, we obtain Theorem 1.1 with w replaced
by w?. Replacing w? by w completes the proof.
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